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PREFACE. 


Tnr? function of laboratory instruction in physics is twofold. 
Eleinontary courses are intended to develop the power of dis(innii- 
nating observation and to put tlie student in [jorsonal contact with 
the ])henoinGna and general principles discussed iu textbooks and 
lecture demonstrations. The uppavutus ])vovUltid should of the 
simplest possible nature, the ex]>eri incuts a.ssigned sliould ho for 
the most part qualitative or only roughly quantitative, and onipluisis 
sliould be pla<;ed on tlie principles illustrated ratlioi* lliati on Die 
accuracy ‘ of the necessary nieasureinents. On the other Imiid, 
laboratory courses designed for more mature students, wlio uro 
supposed lo liave a working knowledge of lumlainontal princijilos, 
are intended to give instruction in the theory and practieo of tlm 
methods of precise measuvemeut that uudorUo all elfecA.ivo resoarcU 
and supply the data on which jiraclical engineering ontorpriHos are 
iKisod. They should also develop the power of logical argumemt 
and expression, and lead tlio student lo draw rational eouclnsions 
from his observations. 'Plio instruments provided should be of 
alandavd design and olUcioncy in order that the student may gain 
practice in making adjustments and observations undor as nearly 
as may bo the same conditions tlmt j)rovail iu original investigation. 

Mcasuromonts are of little value in cither rosearcdi or engineering 
applications unless tlie precision witli which they ropresetit the 
measured inagnitiido is dcfiniloly known. Consoquoutiy, the slu- 
denb should bo taught to plan and execute jn-oposod inoasiiromoubH 
within dolinitely proscribed limits iiiul to dotormino tlio accuracy 
of the results actually attained. Since the treutmeub of those 
matters in availalde laboratory manuals is fragmentary and often 
very inadequate if not misleading, the author some years ago under- 
took to impart the ncces.sary instruction, in the form of Iccturos, 
to a class of junior engineering students. Subscquontly, lextboolcs 
on the Theory of Vlvvovs ami the Method of Least Squar(\s were 
adopted but most of tlic applications to actual pvnotico wero .still 
given by lecture. The present treatise is the result of the expoiL 



cnce gained with a nuinhcr of sunceeding classes. It has been 
prepared primarily to iuect tlio needs of students in engineering 
and advanced physics who liave a working kjiowledge of the differ- 
ential and integral calculus. It is nob mbeiuled to su])ersede but 
to supplement the manuals and iustnicliou aivects \muaUy employed 
in physical laboratories. Consequently, particular insiniments and 
methods of Jiieasureinent liave been described only in so far as Llioy 
serve to illustrate the priucijdes under disiuission. 

The usefuliiuss of sucli a treatise was suggested by the marked 
.tendency of laboratory students to curry out prescribed work in a 
purely automatic manner with slight regard for ihe signilicunco or 
the jirecision of thoir uieasuremonts. (!onsei]Uontly, an emleavor 
lias been made to develop the general theory of measurements and 
the errors to which they are .suliject in a form so clear and coneiso 
that it can be eoinprehended and caiiplied by the average student 
with the jireserihed previous braining. To this end, miniorical ex- 
amples liavc been introduced and completely worked out whenever 
tlu.s course seemed likely to aid tlio student in obtaining a tliorougli 
grasp of the principles they illustrate. On tho other hand, iiiluu'ent 
difTieuUies have not been evaded and it is not expected, or oven 
desired, that the student will bo able to autstor tlio subject without 
vigorous meiitnl elTorb. 

The first seven chapters deal with tlio gonoral principles that 
underlie all mcasureinentR, with the naturo and distribution of Iho 
errors to whioli they are subject, and with the metliods by whicdi 
the most probable result is derived from a series of discordant 
inoasurcnionts. The various typos of ineasiiromcnt met witli in 
practice are classified, and general methods of dcaliug with caeh 
of them are briefly discussed. Constant errors and mistakes are 
treated at some length, and then the unavoidable aeeitlenlal error. s 
of observation are explicitly dofined, Tlio residuals eorre.sponding 
to .actual ineasiu’oments are shown to approatfli tlio true aecidonUil 
errors as limits when tbo number of observations is indolinitoly 
incrensed .and their normal distribution in regard to sign and mag- 
nitude is explained and illustrated. After a preUminavy notion of 
its significance lias been thus imparted, the law of accidental errors 
is stated empirically in a form that gives explicit representation to 
all of tlio factors involved. Tt is then proved to bo in eonforinity 
with the axioms of acoidental errors, the principle of tho arithinotieal 
mean, and the results of experience. The various uhnraotoristio 



errors that are commonly used as a measure of tho accidental errors 
of given scries of ineaauromcnla are clearly doflued and their signili* 
calico is very eavo foully explained in order that they may be used 
iutelUgeiit.ly. Practical methods for coiuputing tlieiii are developed 
and illustrated by numerical examples. 

Chapters eight to twelve inclusive are devoted to a general dis- 
cussion of tlio precision of measurements based on the principles 
established in the preceding chapters. TJio criteria of accidental 
errors and suitable methods for dealing with constant and syHlemaUo 
errors are developed in detail. The jnecisiou measure, of the result 
computed from given observations, is defined and its significance is 
explained with tho aid of iiumorical illustrations. Tlio proper basis 
for tho eritieisni of reported incjisuroinGnts and the .selection of 
suitablo numerical values from tallies of physical eonstants or other 
published data is outlined j and the importance of a careful ostimato 
of the ^necisioii of t.ho. data adopted in ongiuooviug and scientific 
practice is oinplnisized. Tho applications of the theory of errors to 
the dotormiiiatiou of snitaide methods for tho oxocmtioii of projioscd 
measurements are discussed at .some longtii and illustrated. 

In chapter tliirtcen, tho relation hotweon measuremont and re- 
flcavcU is pointed out and tho gonoval methods of physical research 
arc outlined. Graphical iiiotliods of reduction and ropresontation 
are explained and some applications of tho inetliod of least squares 
are developed. The importance of timely and adequate publication, 
or otlier ru[)ort, of completed investigations is ciu]) hasized and some 
suggestions relative to the form of such reports aro given 

Tliroughont the book, particular attention is paid to juotlioda of 
computation and to tlio proper use of significant figures. Por tlio 
convonieuco of the student, a number of useful tables aro brought 
together at tho end of the volume. 

A. I)K roUKST PALMmt. 

Bro\vk UNivnnsiTY, 

July^ 1912 . 
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THE 

THEORY OF MEASUREMBNl^S 


CHAPTER I, 

GENERAL PRINCIPLES. 

I. Introduction. — Direct observation of the relative position 
and motioji of surrounding objects and of their similarities and 
dilTcvcnees is the first step in the acquisition of knowledge. 
Such observations arc possible oidy through the sensations pro- 
duced by our environment, and the value of tlie knowledge thus 
acquired is tlepcndent on tlic exactness with wliicli we corre- 
late these sensations. Sucli correlation involves a quantitative 
estimate of the relative intensity of different sensations and of 
tlicir time and space relations. As our estimates become more 
and more (ixact througli experience, our ideas regarding tlio 
objective world arc gradually modified until they rcpro,sont 
the actual condition of things witli a considerable degree of 
precision. 

The growth of science is analogous to the growth of ideas. 
Its function is to arrange a mass of apparently isolated and un- 
related plicnomona in systematic order and to determine the in- 
terrelations between them. For this purpose, each quantity that 
enters into the several phenomena must be ciuantitativoly cletcr- 
minod, while all oilier ejuan titles are kept constant or allowed 
to vary by a measured amount. The exactness of the relations 
thus determined increases with the precision of the moasuro- 
ments and with the success attained in isolating tho particular 
phenomena investigated. 

A general statement, or a mathematical formula, that ex- 
presses the observed quantitative relation between the different 
magnitudes involved in any phenomenon is called tho law of 
that phenomenon. As hero used, tho word law docs not moan 

1 


that the phenomenon must follow tlie prescribed course, but 
that, under the given conditions aiul within the limits of error 
and the range of onr measuvcinents, it has never hum found to 
deviate from that course. In other words, the laws of science 
are concise slateiiients of our present knowledge regarding 
phenomena and their relatioiLS. As wc increase the range and 
accuracy of our measurements and learn to control tlie condi- 
tions of experiment more clefinitely, U\c laws that express our 
results become more exact and cover a wider range of ])lmnonicnn. 
Ultimately we arrive at broad generalizations from which the 
laws of individual phenomena arc dcduciblo as special cases. 

I’lie two greatest factors in the progress of science are the 
trained invagination of the Investigutor and the genius of 
measurement. To the former wc owe tlie rational hypotheses 
that have pointed the way of advance and to the latter the 
methods of observation and ineasurcinent by which the laws of 
science have been developed. 

2 . Measurement and Units. — To measure a quantity is to 
dotcrmiiie the ratio of its magnitude to that of another (pian- 
tity, of the same kin<l, taken as a unit. The number that 
cxpross(js this ratio may be eith(?r integral or fractional and i.s 
called the numeric of the given quantity in terms of the chosen 
unit. In general, if Q represents the magnitude of a quantity, 
U the magnitude of the chosen unit, and N the corresponding 
nunKjric wc have 

Q - NU, (I) 

which is the fundamental equation of measurement. Tiie two 
factors N and U aro both essential for the exact spocificaUan of 
the magnitude Q. For example: the length of a certain lino 
is five inches, i.c., the line is five times as long ns one inch. It 
is not sufficient to say that the length of tlie line is five; for in 
that case wc are uncertain whether its length is five inches, fivo 
feet, or five times some otlicr unit. 

Obviously, the absolute magnitude of a quantity isindepeiulcnt 
of the units with which we choose to measure it. Hence, if wo 
adopt a different unit f/', wc shall find a different numeric 
such that 

Q - N^U\ (11) 

and consequently 

NU - iV'C/', 



>r 


N' f/’ 


(III) 


Equation (III) expresses the general principle involved in the 
-ransforination of units and shows that the numeric varies iii- 
'crseiy as the juagnitude of tlie unit; i.c., if if is twice as large 
IS N will be only one-half as large as N\ To take a con- 
:rotc example: a length equal to ton inches is also equal to 
!5.4 centimeters approxinnLtcl3^ In tliis case N equals ten, 
V' equals 25.4, U equals one inch, and t/' equals one centi- 


ncter. 


N' 

The ratio of the numerics is 2.64 and hence the 


nvorsc ratio of the units is also 2.64, i.c,, one inch is equal to 


J.54 centimeters. 

Equation (III) may also be written in the form 


N = N 



(IV) 


vhich shows tliat the numeric of a given quantity relative to the 
init U is equal to its numeric relative to the unit multiplied 

Ijf 

)y the ratio of the unit U* to the unit U. The ratio is callctl 

he converfdon factor for the unit f/' in terms of the unit U* 
t is equal to the number of units U in one unit f/', and wlion 
nultiplied by the numeric of a quantity in terms of f/' gives 
he numeric of the same quantity in terms of 17. The con- 
version factor for transformation in the opiiosite direction, i.e., 

rom U to U\ is obviously the invonse of the above, or In 

;cncral, the numerator of the convor.sion factor is the unit in 
^rluch the magnitude is already expressed and the denominator 
3 the unit to which it is to be transformed. For example: 
mo inch is approximately equal to 2.64 centimeters, hence the 
Lumcrifi of a length in centimeters is about 2.54 times its numeric 
fi inches. Conversely, the numeric in inches is equal to tlic 
iumeric in centimeters divided by 2.54 or multiplied by the 
eciprooal of this number. 

In so far as Die theory of measuration and the attainable 
ccuracy of tlio result are concerned, measurements may bo made 
\ terms of any arbitrary units and, in fact, tlie adoption of such 


relative determinations. In genera Z, only ,vith 

of Jittle value unless they are expressed are 

accepted units whose magnitude is »no °f generally 

such unite liave come into use through comm^Qn ^ ®omG 

of them have been fixed by government most 

manence is assured by legal stand onactment and their per- 

served by various governments imv« standards, pre- 

carefully intercompared and their er>ri”^ many cases, been very 
rately known. Copies of thp m . factors are aecu- 

may be found in all well-equiWd standards 

preserved as the secondary slandail^f are 

ments are referred. Carefdlyietnt 
accurate for ordinary purposes but T suiTiciently 

IS sought, their exact magnitude must^^ ?! greatest precision 

3. Fundamental and Derived trnitc c- 
sarily, a quantity of the same ktnd^f is, neces- 

st have as many different units fl<i fK measured, wo 

quantities to be measured. Each of kinds of 

by an independent arbitrary sfun i ^ ^^^Sht bo fixed 

a le quantities are connected bv most measur 

unite™’ “'“uretl in tstms ol "’itt those 

unit irbutff t ET'™' ‘SriM’ •“ 

unit of length is Iraversld in the” “f", “"1' “ velocity tint tl n 


jinus IS arhitmry, but when definite standards for cacli oi these 
mils Imvo been adopted the magiiitiido of all of tlm derived units 
s fixed. 

For eonvciiiimce in practice, legal standards have been adopted 
:o represent some of the derived units. The precision of these 
;tan(hu*ds is determined by indirect comparison with the standards 
epresenting the three fundamental units. Such comparisons are 
jased on tlie known relations between the fundamental and de- 
ived units and arc called absolute nicasiiremeuts. The practical 
idvanlage gained by tlie use of derived staiulards lies in the fact 
,liat al)soIute measurements are generally very diflicnlt and require 
rroat skill and experionee iu order to secure a reasonable dogreo 
)f accuracy. On the other hand, c[irect comparison of derived 
luantil-ics of the same kind i.s often a conijiarativoly Bimplo 
natter and can be carried out with groat precision. 

4. Dimensions of Units. — Tlie dimensions of a unit is a 
nathematienl formula that shows how its magnitude is related 
.0 that of the three fundamental units. In writing such formula), 
,lio variabh^s arc usually repre.seutod liy capital letters inclosed 
n square braekets. 1'hus, [,UJ, (7j] and [7’] ro])resenl tho diincn- 
;ionfl of the units of mass, leuglli and lime rcsiiec lively. 

Dimensional fonmiho and ordinary algebraic equatiouR aro 
)sscntially (liffineiit in siguincance, Tho former show.s the rcla- 
Jvo variation of units, wliile th(‘ latter expre.sses a definite mnthc- 
natical r(‘iation betwiam the numerics of ineasurublc (luantiUcs. 
rims if a ])oint in uniform motion describes the distance L iu tho 
,ime T its velocity V is defined by the relation 

V = ~ (V) 

Jinco L and T am couemlo (luanlitioa of difforent kind, llic right- 
land inninlior of Uiis (Hiualioii i.s noL a ratio in tlio strict aritlunet- 
oal sense; i.e., it cannot lie rejjn^sciited by a simple nl).strnct num- 
)oi'. llenc(!, in virtue of tlie definite physical relation oxjiresaeci 
ly erpiation (V), we are led to extend our idea of ratio to include 
lie case of concrete quantities. From this imint of view, the ratio 
if two quantities exiiresses the rate of change of tlie first quantity 
ritli respect to the si'cond. It is a eonernto quantity of tlie saino 
:ind ns the quantity it serves to dofme. As an illustration, con- 
ider tlic inoaniug of equation (V). 1'lxpics.sed in worths, it is " tho 


If we ropreseii). tlio units of velocity, aiuI time l)y [V], 

(L], and (?'!, respectively, and tlio eonospoiuling mimcrics by i’, 
I, and t, we Imve by equation (I), uvtiolc two, 

V = v(Fi, L - Uhl T = t{Tl 


and oaualioii (V) becomes 


rr/t- W i 

Vll 1 - 


or 


» = 


^ J^-L ^ 

(Fi(7'rr 


(VI) 


Since, by definition, {VI and arc quantities of the same kind, 

their ratio can be expressed by an abstract number k niul equation 
(VI) may be written in the form 


a = ;o;. 


(VII) 


which is an exact numerical equation containing no concrete 
quantities. 

The numerical value of tlie constant k obviously dcpcMxds on 
the units with whicli b, T, and V are measured. If wc ilclinc the 
unit of velocity by the relation 


tVi 


[TV 


or, as it is more often written, 


[V] = (W’-'l, (VIII) 


k becomes equal to unity and tho relation (VII) between Llio 
numerics of velocity, length, and tiino reduces to the simple form 


V 



(IX) 


The foregoing argument illustrates tho atlvantagu to be gained 
by defining derived units in accordance with tho i)hy.sical I’clu- 
tions on which they depend. By this means wo clirninato the 
often incommensurable constants of proportionality sucli n.s k 
would be if the unit of velocity were defined in any other way 
than by equation (VIII). 


Tiic expression on tlic rif»;lit-iuuui side of equation is the 

inuiiisions of the unit of velocity when the units of length, mass, 
mi time arc chosen as funclaniental. The cliniciisious of any 
tlicr units may be obtaiiiod bj'- the method outlined above when 
know the ])Iiysicai relations on which they depend. The form 
f the dimensional formula depends on the units we choose as 
indameiital, but the general method of derivation is the same in 
[I eases. As an exercise to fix these ideas the stiidcnt should 
orify the following dimensional forin[dai: choosing [J/J, [L\^ atui 
as fundamental units, the dinieasious of the (inits of area, 
:;ccluratioii, and force arx* fL"J, [LT-% and fcspc'ctively. 

s an illustration of the c/Tcct of a diflerent choice of fundamental 
nits, it may be shown that tlie dimensions of the unit of mass is 
^vhen the units of l(’ngth (//], force [/^J, and titno [T\ are 
lo.scn as fundamental. The dimensions of some imjiortaufc 
erived unit.s are given in Ta))le I at the end of this volume. 

5, Systems of Units in General Use. — Consistent systems 
' units ?nay differ froui one another by a difference? in the clioico 
: fundamental units or by u di/Tcrenee in the magfiitudc of the 
[irticular fundamental units adopted. The systems in common 
60 illustrate l)oth types of difference. 

A?nong scientific men, the so>catlcd e.g.s. system is nlmo.st 
!UV(?rsall3' adopted, and the results of .scientific irivcstigations 
c seldom (jxprcs.scd i]> any oUicr units. The a<lv"antage of such 
liformity of choice is olndou.s. It greatly facilitat<?.s the com- 
iri.son of the results of different observers and lead.s to general 
Ivancc in our knowledge of the phenonieim studied. TIk; unils 
length, ?nass, and time are chosen as fundanmntal in this 
^stcm and tlie particular value.s a.ssignod to thorn arc tiro centi- 
oter for the unit of length, the gram foi' the unit of mass, and 
10 mean solar second for the unit of ti?ne. 

TJie units used coiJimoroially in Knglaml and the United State.s 
America arc far from .s^'stomatic, a.s ?nost of the derived imits 
0 arbitrarily (lofined. So far as they follow any order, they 
nn a Iongth-mas.s-timc sy.stein hi which the unit of length i.s tho 
oi, tho unit of inass i.s tho ma.ss of a pound, and the unit of time 
tho sccojid. This .s3^slem wa.s for/nerly used quite extensively 
^ Ejiglisl) sci(?)itists and tho results of some classic iavcstigatioiis 
0 expressed in such unit.s. 

Englisli and American engineers find it more convenient to use 


force and tunc, iiif) jjarucujar unua vuv. tco vhkj 

unit of length, the poaiid's weight at London a.s tlio unit of fom^ 
anti tiic mean solar second as tlie unit of time* We *sliali S(‘o tliut 
this ia equivalent lo a length-mass-time system in which the iniits 
of length and lime arc the same as above and the unit of mass is 
the mass of 32.191 pounds* 

6. Transformation of Units. — When the relative nmgnit.\ule. 
of corresponding fumlaimmtnl units in two systems is kmnvn, a 
re*sult cx|)rcss('(l in one sysU'm can be nahiced to tim oilier with 
the nid of the dimensions of the dorived units involve<l* Thus; 
let Ac represent the magnitude of a square eenlimetcn*, Ai the 
maguitudo of a square incli, Nc the numeric of n given area when 
measured in square centimeters, and Ni the Jiumeric of tlio saino 
area when measured in square inches; then, from equation (IV), 
article two, we have 



But if Lc is the magnitude of a centimeter and L( that of an inch, 
Ai is equal to //^^ and thorefove 

Ai w \fJ 


Hence, the conversion factor -p for reducing square conthneterH 

Ai 

to square inches is equal to the square of the conversion factor 

^ for reducing from ccntimctcr.s to inches. Now the dimon.sions 

of tl\e unit of area is [L% and we see that the couvenHion factor 
for area may be obtained by sntetituting the corresponding con- 
version factor for lengths in this dimonsional formula. 'This i« a 
simple illnstration of the general method of transformation of 
units. Wien the fundamental units in the two sysloin.s differ in 
magnitude, but not in kind, tlic conversion factor for eorro.s])ond- 
ing derived units in bhc two systems is obtained liy i‘ 0 ])hicing tlio 
fundamental units by tlicir respectivo conversion factors in tlic 
dimensions of the derived units considered. 

It should be noticed that the fundainental units in tlio o.g.s. 
system are those of length, mass, and time, while on the engineer’s 
system they are length, force, and time* In tho latter system, 


‘cc is supposed to ho directly'' nioasuiTd iiud expressed by tl^e 
nonsions Cousequcntl}^ the dimensions of the unit of 

issi are [FL~^^T^^ and tlu? unit of mass is a mass that will acquire 
velocity of one foot ])(?r sceomi in one second when acted upon 
a force of one i}OtiiKl\s u'eif^ht. For the sake of cleft nitenoss, 
2 u?ut of force is taken as the pouinTs u^eigld at Loiulniq wliero 
2 acceleration duo to gravity {(j) is equal to 32.191 feet per 
iond per second. Otherwise Uio unit of forego would be variable, 
pending on the place at which the pound is weig;hGd, 

From Newton’s second law of motion we know that the relation 
tween acceleration, mass, and force is givcai by the expression 

/ = 7na. 


T a constant force the accelenitioa produced is invei'.sely pro- 
rtional to U>c juass Jiiovcfl. Now tlic mass of a jwund at London 
icted upon by gravity with a force of one imund's weiglil, and, if 
lO, it moves with an acceleration of 32.191 feet per second per 
jond. Hence a mass equal to that of 32.101 pounds acted 
on by a force of one pound’s waaght would move with an nceclcr- 
011 of one foot ])er .second ]ier st'cond, i.o., it would acquire a 
locity of one foot per second in one st^coiut. Hence the unit of 
iss in the engineer’s s 3 "stein is 32.101 pounds mass. This unit 
^ometimas called a .slugg, ))Ul (ho name Is seldom met wil.1) since 
y;inecrs deni primarily witli forces rattier than masses, and arc 
IF 

itcnt to write — for mass without giving the unit a dofiiiitc 
0 


ino. This is equivalent to saying that the mass of a body, 
)reHscd in sluggs, is equal to its weight, at London, expressed in 
imds, divided l)y 32.I9L 

fVftcr careful conaideration of tln^ foregoing discussion, it will 
evident that the engineoF.s length-foree-time system is exactly 
livalcni to a hmgtli-mass-time .system in wliich Uio unit of 
gth is the foot, the unit of mass is the slugg or 32.191 pounds’ 
iss, mid the unit of time is the moan solar socoiicl. In tlic latter 
;tcm tlie fviiidamcntal units arc of the same kind as those of 
i e.g.s. system. Heuen, if the conversion factor for the unit 
mass is taken as the ratio of tlie magnitude of the sliigg to that 
the gram, quantities ('xpressed in the units of the engineer’s 
(tern may lie rcduccal to the equivalent values ii\ Clio e.g.a. 
item tlie inothod dc.vcribed at the beginning of this article. 


in ternw of Uic local weight, of a pounit as a mut ul fovc.a in ))ia(jc 
of the pound’s wcigl\l at f^oudon, the result uf a trnnsfoviimthm 
of units, canied out as ahovc, will ho in orrm- hy ii faotor (-(lUal to 
the ratio of tl>c aceolenilion due to gnn’ily at ],on<loii imd at the 
location of the ineasurcin<>nts. Unless thn local gnivilalionnl 
acceleration is (lerinitely slated i)y the oiiscrvcr and unless ho 
has used his leiigth-force-lime units in a eonsistent maimer, it is 
impossible to dcrivo the exact equivalent of liis results on the 
e.g.s. system. 



CHAPTER IT 


MEASUREMENTS. 

M firticlc two of tiic last cluiptor wc defined the term ** measurc- 
it*’ and sliowed that any magnitude may be ro]ircscutod by 
product of two factors, the numeric and Llieunit. Tlie object 
ill measurements is the determination of tlie nuoicric that ex- 
•SOS the magniUule of the observed quantity in terms of the 
icn unit. Eor eonvtmieuco of treatment, tlu^y may i)u classified 
n’ding to t.lio nature of the measured quantity and the inothods 
ibservaUon and reduction. 

r Direct Measurements. — The determination of a desired 
icric b}' direct ol).scrvation of the measured quantity, with llic 
of a divided scale or other indicating device graduated in 
IS of tiie chosen unit, is called a direct measurement, 
ach ineasureinculs arc ])Ossil)le when Uui cliosen unit, together 
\ its multiple's and submiiltii)leH, can be represented by a 
erial standard, so constructed that it can be directly applied 
he measured qu/mlity for the jairposo of compariMon, or wlion 
unit and the measured magnitudes produce proportional 
)ts on a suitable indicating device. 

eiigths may be din^ctly measured with a graduated scale, 
ses by comparison with a set of standard masses on an ocjuul 
balance, time intervals l>y the use of a clock regulated to 
moan solar time, and forces with the aid of a »spring balance, 
ce magnitudes expressible in terms of the fundamental units 
litlier tlie e.g.s. or the (mginecr's Hystem may be directly 
sured. 

[any quantities cx]>resslble in i(n-ms of derived units, that can 
cj)rcscnt.cd by material slandaixls, are commonly dolermincd 
lirect measuremont. As illn.strnlions, we may cite tho dolci'- 
ition of the volume of a liquid with a graduated flask and tho 
surement of tlio electrical resistance of a wire by comparison 
a set of standard resistances. 

Indirect Measurements. — The dclcnnination of a desired 
cric by computation from the Jiumerias of one or more 
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dcsilcd quanlily, is culled au iudiewL uunisurcMiKiUl. 

The relation betwcon the olisevved luvd manuiUidea 

may be expressed in the geneva! fonw 

y - F{x\, .^2, a’3, ... a, h, <:...), 

wlicre y, Xi, xt, etc., represent incasuml <u- eominiUul imigiiitiides, 
or the numerics corrcspontling to Uveiu, <t, h, c, eti*.., n-inx'se.nt 
constants, and F indieaUw that there is a I'une.tionivl relation 
bclwcea the otlicr tiuantitie.s. 'I'his expres.siv>u is vend, y equals 
some function of Xi, xt, etc., and n, />, c, etc. In any particular 
ease, the form of the function F and the innulnn- and nature of tlm 
related quantities inirst bo known heforo tin; enmpulation of tliii 
unknown quantities is nnd(*rlak(ui. 

Most of the indirect nioasun'ineiils niade by ]>liy.siei.sls and 
engineers fall into one or another of lliri'o general I'hi.sseM, clmr- 
acterissed by the nature of Uin unknown and ineasurod magiiitiide.s 
and tlic form of the fuiicllou F. 


9. Classification of Indirect Measiiromonts. 

I. 

In the first class, y represents the desired muuovio of a inagui- 
tudft that is not directly incuHuml, either he.eiiuse. it i.s impossildo 
or inconvenient to do so, or be.cause greater preeisiou e.iiu Iw at- 
tained by indirect mothods. The form of live fuue.tiou F and the 
numerical values of all of the constants n, l>, c, ete., appearing in 
it, are given l)y theory. The qnantities aii, .c*, ote., ri'present 
the numerics of directly measured magnitudes, fu the following 
pages indirect ineasurDments belonging to Uii.s class will HomoLime.s 
bo referred to as derived rneasurojiumts. 

As an illustration wc may cite tho dolerininatiou of the doiiHily 
s of a solid sphere from direct moasuroinenlH of its mass M and 
its diameter D with tho aid of tho relation 


8 = 


M 

^ • TtO^ 


Comparing this expression with the gonoval fovmnla givou aboyo, 
we note that s corresponds to y, M to Xu 0 to X2i J to a, tt to b, 

and that F represents tho function Tho form of llio funo- 


n is given by tbo flofinitioji of density fis the nitio of the mass 
the volume of a body and the lumierical coastauts r; nnd tt are 
n)\\ ]jy the known notation between Llio volinnc and cUuinet(3r of 
iphore. 

IL 

In the second class of indirect measurements^ the numerical 
istants a, c, ete., are t)m unknown quantities to he eoniputcd, 
3 form of tl\o function F is known, and all of tlio quantities y, 
Xq, etc., ar(^ ol)laiued by direct mcasuroineuts or given by 
:oi’y. The functions met with in this class of measurements 
.lally rcprcs(n\t a continuous variation of the quantity y witl\ 
ipcct to the qunntilies .x*j, x^t etc., as indc}icu<lenl variables. 
lucG tlic Hfsult of ii direct measurement of y will d<;pond on the 
I’ticular values of Xi, .T 2 , etc., that ol>tiiin at tlie time of the 
iflsurement, Cousequonlly, in computing tlie constants a, b, c, 
I., we must he carx^ful to use only corrc.sponding values of IIkj 
• asured quantities, i.e., values tluat are, or would i)(i, ol^tuinod 
coincident obscrvatiois on tlio sevend magnitudes. 

Every set of corrospoudiug vahic.s of the v'ariahles //, Xi, .X 2 , etc,, 
[(',n used in connection witli the giv(M\ function, gives an algebraic 
ntion between tlie unknown quantities a, h, Cj etc., involvijig 
ly numerical eocfncicuts and absoUite terms. WIumi wo !mvc 
taiued as many independent equations as there arc \uiluiown 
antiiios, tlio latter may bo clotorminod l>y tho usual algoiaaic 
ithods. We shall sec, Iiowever, that more precise results can 
obtained when the numbeu' of indopcnclont incasuvements far 
mods tlic minimum limit thus .sot and tho computation is made 
special methods to be described hen^aftcr. 
rhe determination of the initial length Lo and thoeoenieiont of 
ear cx]3an9ion a of a metallic Imr from a scries of inonsuremciUs 
the lengths Li corresponding to clilferent tianperaturcs t with the 
I of the functional relation 

Li =■ Lq (1 + at) 

in example of the class of measurements here considered. Such 
asurernents aro sojrietimcs called determinations of empirical 
istants. 
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The tliinl class of iiidirocl- iiu’asnrciiKMils iiichHh’H all (‘ascs in 
which each of a number of dircetly measnnal (luanlilii’H //i, //a, 

etc., is a given function of ihv unknown (|unnliti(’s .ri, .r*i, (‘tc., 

and certain kiioWJi nnmcrieal Constantsa, b, o, ('Ui, In .such (?uh{\s 
we Itave as nmiiy equations of the form 

yi ^ l\ Cri, .^2, .T,i, . . . (t,b,c, . . . ), 

2/2= • • • a, h, c, , . . 

a» Ihnvc aro moasuml quantilirs jyj, 2/2, Kc. 'This nninl)nv inunt 
be at least as great as the nvimlier of unknowns xi, .r-j, ole., and 

nuiy bn )n\)rh greaii?r. 
Tim funetions h\, 
nlc., are freii\i('nlly dif- 
ferent in form luul.somo 
of llteni nuiy nul coii- 
liiin all of Uio un- 
kiiown.s. Tlu' numori- 
ndeonslnulH^niqa’nring 
in diih'ivnL fiiiu'tions, 
arc gviKwally diiTcrcmt, 
Ihit thc» form of eatdi 
of t)i(‘ functions and 
llic vnUn's {)f nil of tins 
constunl.s niu.st ))o 
known befon^ a .solu- 
tion of tlic ])rol)lcm i.s 
posHildt*. 

Prol)l(‘ms(jf tlii.s type 
arc ri'('((iumUy nn^t willi 
in UHlronoiny and geod- 
esy. One of the simplc.st i.s known as tlio adjnstinont of tho 
angles about a point. Tims, let it ])0 required to find tlio most 
probable values of iho angles .r,, ,t 2, and .r.,, Kig. I, from dinait 

measurements of ?/i, 2/2, 2/3, .. . yo* lii this oaso tho general 
equations take tho form 




2/1 ^ A, 

1/2 = X’l + X2f 

2/3 == + ^2 + ^3f 

2/4 = X2y 

2/6 “ ‘^2 “ 1 “ Xst 

2 /q == Xz, 


[ ^ili of tl)e numerical cojrstimts are oitlior unity or zero. The 
ifcion of such piohlerns will be discussed in the cluiptcr on the 
jhod of least sciuares. 

0 . Determination of Functional Relations. — When the fonn 
th(5 functional rclaliou between the obsorved a! id unknown 
^nitudes is not known, the solution of the problem rotjuircs 
lethrug more tliari measurement and computation. In some 
3 s a study of the tiieory of the obsorved phenomena, in con- 
tion witli that of allied phenomena, will suggest the form of tlio 
uired function. Otlierwise, a tentative form must bo assumed 
)r ti careful .study of the observations thcinselvc.s, generally' l;y 
[ihieal methods. In either case tlic constants of the ussiiiued 
ction must l}e dotermined by iiulircet measuremeuts and the 
ilts tested by a comparison of the ol)sorved ami tlic eom})utcd 
jcs of the related qunntitic.s. If tlicse values agr(?o witlun tho 
idcntal errors of ob.scrvation, the assumed function may bo 
pted as an empirical representation of the plienonrama. Tf 
agreeniGut is not sufTicicntly close, the form of the function 

modified, in a manner suggested by tlio observations, and tlio 
cess of coinputation am! comj)arison is rcpcaUid until a satis- 
iory agreement 5s obtained. A moro detailed treatment of 
h processes will be found in Chapter XIII, 

1. Adjustment, Setting, and Observation of Instruments. — 
st of tlie jungnitudes dealt with in plI 3 ^si^^s and enginooring 
determined by indirect measurements. But wo have seen 
t all suc5h quantities arc dependent upon and computed from 
:ctly measured quantities. Consequently, a study of tho 
.hods and precision of direct measurement is of fimdamontal 
ortanco. 

n general, every direct measurement involves three distinct 
rations. First: the instrument adopted is so placed that its 


measured and all oi its jiarts oporalc siiKioliiiy in llm muniKM- imd 
direction prescribed by llicory. OjimnLions of this imUiio mo 
called adiustinents. Soeotid; the refcrmioo Hue of the iuslru- 
innnt is moved, or allowed to move, in the nmmier denmmled liy 
theory, until it coincides with u mark ehoseu ns a point of ri'fenmco 
on the measured niagiiitudo. Wo slmll refer to this openition ns a 
setting of the iustnunent. Third: the position of the index of 
the instrument, with respect to its griuluiitod senie, is rend. This 
is an observation. 

As an illustration, consider tho inoasuroniont of the normal 
distance between two parallel lines with a micrometer mie.voseope. 
The instrument must bo so niouiiled that it luin he rigidly oinmjied. 
in any desired position or moved freely in the direetion of its 
optical axis without disturbing the diroetiou of the luicvoiuetev 
screw. The following arijnstments nro nee-essiiry : the axi.s of tlio 
micrometer screw must bo made parallel to tlie plane of I ho two 
lines and perpendicular to a normni plane through one of them; 
tho eyepiece must ho so placed that the cross-hairs are sharply 
defined; the microscope must be moved, in the direetion of its 
optical axis, until tho imago of tho two line.s, or one of them if tho 
normal distance between them is greatm- than the fiehl of view 
of the microscope, is in the same jilano with the eross-hairn. The 
latter adjustment is correct when tlicro Is ao parallax helwoou tlie 
image of tho lines and tho cro.ss-hair.s. The setting is mado by 
turning tho micromotor hoarl until tho intersection of tlie cross- 
hairs bisects tho imago of ono of tho linos. Finally tho reailing 
of the micrometer scalo is observed. A similar sotting and oil- 
servation are made on tho other lino and tho differeiico botween 
the two observations gives the normal distance between tho two 
lines in terms of the scalo of tho mioromotcr. 

12. Record of Observations. — In tlio preceding article, tho 
word "observation” is used in a very much restrietod senso to 
indicate merely tlio scalo reading of a measuring instrnmont. 
This restriction is convoniont in dealing with tlie tochniquo of 
measurement, but many other cireumstnnec.s, alfccting tho aocu- 
racy of the result, must bo observed niul taken into aecount in a 
complete study of the phenomena considered. Tlioro is, bois'ovor^ 
little danger of confusion in using the word in tho two diffovo 
senses since tho more restrioted meaning is in reality onl}' 


cial case of the general. The particular aignificanco intended 
xny special case is generally clear from the context, 
rhe first essential for accurate measurements is a clear and 
(uly record of all of tiie observations. The record should begin 
h a concise description of the magnitude to be measured, and 
instrmnents and methods adopted for the purpose. Instrii- 
iihs may frccjuenlly be described, with siinicient precision, by 
ting theu‘ nanxe and number or other distingnishiug mark, 
thods art! generally specified by reference to tli(H)rotical trcatisc^s 
notes. Tiu^ adjustment and graxluatiou of the instruniciits 
uld );<? cleai’lj' .stated. The date on which the xvork is carried 
. and tlie location of tlic apparatus sluuild be noted. 

')bs(a vation3, in the restricted sense, should be neatly arranged 
uibiilar form. The columns of the taldo sliould bo so headed, 
I referred to by subsidiary notes, that the oxiict significance of 
of the recorded figures will be clearly uudei'stuod at any future 
le. All circumstances likely to affect the accuracy of t)ie 
asuroments should be (Jiu’cfullj^ ob.served and recorded in the 
lie or in suitably placed exi)lanatory notes, 

Dbyciwations should bo recorded cxfictly as taken from tho 
tnunents with wiricli they are made, without inontal computa- 
:i or recUiction of any kind even the shripicsfc. Far example: 
en a micrometer liead is divided into nny number of parts 
icr tlian ten or one luindrcd, it is bettor to use two columns in 
tabic and record tho reading of tho main scale in one and 
X of tho micrometer head in tho other ilmu to rcduco tho head 
cling to a decimal mentally and enter it in the same column 
the 2Tiain scale reading. This is beCtau.so mistakes are likely 
be made in such mental calculations, even by the most cxj)c- 
iced observers, and, when the final reduction of the observations 
mdertaken at a future time, it is frequently clifTicult or impos- 
lo to decide wlielher a largo deviation of a single observation 
in the mean of tho others is duo to an accidental error of obscr- 
■ion or to a nnstakc in such a incntal calculatioJi. 

[3* Independent, Dependent, and Conditioned Measure- 
nts. — Measureinonts on the same or different magnitudes arc 
:l to be independent when both of tho following Hpccificntions 
fuifiilcd: first, the measured magnitudes arc not required to 
isfy a rigorous mathomaticn! relation among thcinscfves; 
ond, the same observation is not u.scd in the computation of 


on that observation and nny oiTor in tln^ posiUoii of Llu^ mark 
afl'cclsall of tiicin by exactly Ibe same amoiml. When the position 
of the index relative to the scale of tlio meiisuriui^ iustrunua\l is 
visible while tltc settings arc being made, there is a iunrk(Ml tmulisny 
to set the instrument so that suceessiv'^o obsiTVatioiis will ho (‘xm-tly 
alike vaiitov than to malco an imlcpemlent j\nlgmenl nf tiui 1 jis('ei.i{)n 
of the chosen mark in each oasc. TIkj ohsiUTations, eorn^spniuliug 
to settings made in tliis manner, are hijisc’d l)y n prceoiiceivetl 
notion regarding the correct position of tiio iiuh'X and the measuns 
mcuU Gompulccl from i!\cn\ ave not indepemh'nt. 'Thi^ iin])nr- 
tance of avoiding faulty ol)sorvations of this typ(^ ennnot he too 
strongly cmpliasizcd. They not only vitiate tiui ivsulls of our 
measurements, but also ronclor a deUMiniinitiou of tiled r iirncision 
im])ossiblo. 

Measurements that do not satisfy the first of tin* aljove sja'ei- 
fications arc called conditioned measun^nionls. 'Plio (lilTenmt 
determinations of each of Iho related qnaatilh's may or maj' not 
be independent, according as they do or do not satisfy the second 
si)ccification, but the adjusted results of all of the uu'asiircnnentH 
must satisfy the given mathematical relation. 'Pin is, wo may 
make a number of independent measuvcmenls of eucdi of the 
angles of a piano triangle, but the moan results must he so adjusted 
that tho sum of the accepted values is equal to one hundred and 
eighty degrees. 

14. Errors and the Precision of Measurements. — Owing to 
unavoidable iinporfcctions and lack of constant HcnsitiveuosH in 
our instruments, and to the natural limit to tlio keenness of our 
senses, the results of our observations aiul ineaHurements clifTcjr 
somewhat from the true nmnerio of tho observed magnitude. 
Such differences arc called errors of observation or measureincnt, 
orne of them are duo to known causes and can bo eliminated, 
with sufRcicnt accuracy, by s\ntablo computations. Others firo 
l^parently accidental in nature and arintrary in magnituflo. 

eir probable distribution, in regard to magnitude and frequency 



occunouco, can no (ictciinuiun ny siauisiicai nicuiuKifc> Avncii a 
ficicMil mnnbcr of iiidcpeiidoiit nK’assurcnicnts is available, 
rile precision of a mcasurciiiont is the degree of ap])roximation 
:lj whicli it j*cpj’(?sciits the true numeric of the observed lungni- 
le. Usually our nKjasureincnts serve only to determine the 
ihal^h^ liinils within which the desired numeric lies. Looked 
frofu this point of view, titc precision of a moasm'cmcnt may bo 
isiderc’d to be inv<M\sely ])ro]>orlioiuil to tlio dilfcrenco between 
1 limits thus detennined. 11 increases with iho accuracy, 
iptaiality, and sensitiveness of the instruments used, and with 
skill and care of the observaa*. l^iit, after a very moderate 
cision has beem attained, the labor aiul expense nceessary for 
th(’r increase is very gnait in proportion to tli(* result obtained. 
V 2 nea.su ran uad. is of litlh? j) 2 vmliea! value ?inlrs.s wo know tho 
cision with which it r(?presenls the observed niagtilUido, 
nee tho lni})oiiaiice of a thorough study of tlic nature iiiul dis- 
)Ution of errors in gencM'nl and of the particidar eirors tiuit 
Lraeterij'.e an lulopted motlmd of measurouicnl. At first sigl\t 
night seem incredible l!u\t such errors sliould follow a definite 
thematical law. Hut, when the numi)er of observations is 
ficicntly groat, wc sJiall see tlnit llie theory of jwobabilily leads 
a (kjfinite and easily calculated inciisure of the precision of a 
^Ic ubs('rvation and of tho result computed from a number 
observations. 

S. Use of Significant Figures. — Wlien recording il\e nil- 
rical results of observations or measurements, and during all 
the necessary computntious, tho numl)er of significant figures 
[)loyed should bo sufficient to express the attained precision 
I no inor(>. By significant figures we mean the nine digits and 
Ds when not used merely to locate the decimal point. 

22 t))c (,‘aso of tl2o direct ob.servation of the bidieaiio 22 S of iiistra- 
tits, the above s]2eci filiation is usually sufyiciently fulfilled by 
)wing tlie hist na'orded significant figure to represent the 
rnatol tenth of the smallest division of the graduated .scale. 

* cxam)2le: in measuring tho length of a line, with a sculo 
ided in miliimotcr.s, the iiosition of the cuds of the line would 
recorded to tlie nearest cslimalod tontli of a inillimoter. 
Icnei'ally, (fomputed ir.sulls sliould be .so recorded tliat the 
iting values, used to express the attained precision, differ by 
y a few units in the last one or two significant figures. Thus: 


Ib.r-i miUllUClCVS, ^Yy smiuiu UI.IM 

of our monsuioirieul. 'J'hc use of a hivm' humiIhm* uf Higuilieunt 
figures ..woutcl be not only a waste’ of spaet^ anti laiior, but also a 
false re])rescntation of the ])reeision of l\n\ result* Most of the 
aiagnitudfis wc arc called ui)ou to measure are iiicomuieiisurablo 
with the chosen unit, aud hence there is no limit to th(» nuiuhev 
of sigJiifioaut figures that might he used if we chost* to do so; hut 
experienced ohservei'S are always cavidul to ex))Vess all observa- 
tions and results and carry out all eomputiititius with u nmnljcr 
just sufficient to ropresout the attained precusioii, Tlio use of 
too many or too few significant figures is strong ovithmetj of inex- 
perience or carelcssnoss in making olxsi^rvatioiis uiul eonii)utitUuiis. 
More specific rules for delevmiuiug tlu^ munlun* tif Kiguiluamt 
figures to be used in special cases will he dev(dop(ul in (connection 
with the methods for dotcnniiiing tln^ precision of inensnrenKuils, 

The number of significant figures in any nuiu(’ri(*/il (^xpn’.ssion 
is entirely independent of th(^ position of the (l(Mumai point. 
Thus: each of the numbers 5,709,000, 5709, 57.1)1), ami 0,00()57()0 
is expressed by four signifienut figur(\s ami rei)reHnuts the (jorre- 
sponcling magnitude \vithi)\ one-tonth of onn ])nr cent, notwith- 
standing the fact that the dilTerent numhem cormsi)oml to differ- 
ent magnitudes. In general, tlio location of the decimal point 
shows tho order of inagniUulo of the quantity repn»H(uit(Ml ami 
the number of significant figures iudicatos tho preeision with which 
the actual numeric of the quantity is known. 

In writing very largo or very small miml) 0 r.s, it is couvoniont 
to indicate the position of tho decimal point by imuins of a ])o«ilivo 
or negative i^ower of ten. Thus: the uimdxu* 50/100,000 may 
be written 604 X or, better, 6.04 X 10^ ami 0.000075 may 

be written 75 X 10“^' or 7.6 X 10'■^ When a large uuiubcr of 
numerical observations or results arc to he tabulated or used in 
(Computation, a considerable amount of ti)no and space is .saved 
by adopting this method of rei)rcscntation. Tho second of tlio 
two forms, illustrated above, is very convoniout in making com- 
putations by means of logarithms, as in this case tho power of 
ten always represents tho charactoristio of the logarithm of tho 
corresponding number. 

In rounding miinbers to the required number of Hignifioaut 
gures, the digit in tho last place held should bo inorcased by ono 


t when tlic digit in the next lower place is greater than five, 
left nnclinngCMl when tlio neglected j^art is less than fivc- 
ths of a unit. When the neglected part is exactly five-tenths 
i unit tiiG last digit iicld is increased by one if odd, and left 
hanged if even. Thus; 5087.5 would be rounded to 5088 and 
0.5 to 5080. 

6 , Adjustment of Measurements. — The results of indo- 
dent measurements of the sdnie inagnitudo by the Buino or 
erent methods seldom agree with one another. Thi.s is due to 
fact that the probability for the occurrence of errors of exactly 
same character and magnitude in the different cases is very 
dl indeed. lienee we are led to the ])robleni of dc^termining 

best or most probable value of the numeric of the observed 
ruitude from a seric'.s of discordant measuromonts. "J'ho given 
i\ may i)e all of tlu^ same precision or it may be necessary to 
gu a different degree of accuracy to the differcul nioasure- 
its. In cither case the solution of the ))rol)lem is called tlio 
iistmoiit of the mtMisuremenls. 

'he principle of least sciuarxjs, dev(?Io{jed In the tlioory of errors 
t Iciads to tlic meusure of precision cited above, is the basis 
ill such adjustments. But the pnrlieulnr melluid of solution 
>))tcd in any given case depends on the nal,uro of ilie ineasurc- 
its considcnul. In the case of a series of direct, equally ])re- 
, measurements of a single quantity, the principle of least 
ares leads to the arillunetical mean as the most prolaible, and 
reforc the best, value to assign to the measured quantity, 
s is also the value that has been imivcrsally ado])io(l on a priori 
unds. In fact many author.s assume the maximum probability 
ihe arithmetical mean as the axiomatic basis for the dcvclop- 
it of the law of errors. 

'he d(!l(U’ininaUon of empirical relations between measured 
mtitics and the constants that cuter into tlicm is also based 
the i)rinciplc of least squares. Tor tlii.s n^ason, such deter- 
lation.s are treated in coiinectlon with the discussion of tho 
thods for the adjustment of measurements. 

7 . Discussion of Instruments and Methods. — The theory 
UTors finds another very imjiorlaut npjfficaUon in tlic discussion 
:he relative availal^lcncss and accuracy of different instruments 
I methods of measurement. Used in connection with a few 
liminary mcasureincntB aud a thorough knowledge of the 


for the cletcnniimlion of (In- pinouiui- piorisuMi nti cxlnuled 
series of careful olworviilioti^^- f'y •''"‘‘I' ii><‘;ins wr arc nlile to 

selcRt tlio instruineiils iiml iiieliuxls IsrM atlapliMl in (.In? paWieuInr 

l)urposo in view. We alsvj iM-nmw in'iiUiiitUea willi iIh- of 
the investigation that naiuire Hit' giviilest .skill iiihI cure in order 
to give a result with the «le.sire.l piveisimi. 

The cost of iuslninu'iUs and llu* time and nkill required in 
carrying out the incn.suieiaeiilH iiien-ase niiieli iimre raiiidly than 
the corre-sponding jneeiHion of the ivH\dls. lienee Ihese faelors 
must bo taken into acetnint in dalenainiiiK I lie availalileiie.ss of n 
proposed method. It ia iiy no ineaiis alway.s iieeessaiy lu ulrive 
for the greatest atlaiunlde tireeisinn. In fuel, it woulil lie n 
waste of Lime and money to enrry out a given lnl•nsl|^l<|llellt with 
greater prooision llinu is |•(‘(|ui^■ell for the iise |o wliieh it is to lie 
put. For many prneticnl purposes, .a result eorreet wiltiin one- 
tenth of one per cent, or even one per cent, is niiiidy sidlicient. 
In such eases it isesseuliid to iwhtpl apparatus unit metluulH that 
will give results dcfiniU'Iy witliin these limiN willioiit. iueiirring 
the greater cost and lalwr nuei:.s.sary for iiunn preuiso dulor- 
minations. 



CHAPTER IIL 


CLASSIFICATION OF ERRORS. 

\Lh incasurcinciits, of whatever iiatiiic, arc siiljjocl to three 
tiiict cla^'scs of cnor.-^, naoicl3', eoiistaiit errors, mistakes, niicl 
adrjiital I’JTors, 

c8. Constant Errors. — Rirors that can be determined in 
a am I magnitude by eoinpulations bastid on a theoretical 
isidcration of the iiu'thod of incasnreinent used or on a pro- 
[iniiiy study and eafibration of the instruments ailopted are 
led cunsbint errors. They atx^ soiuctiincs clue to inadequacy of 
adopted nietliod of nieasi))*emejii, but j)iore frequently to 
.ecuratc graduation and iinj)erfect adjustment of iiistrunicnts. 
\s a simple illustration, consider the moasuremeiit of the 
gth of II straight line with a graduated scale. If the scale ih 
held exactly i)arnilcl to tlie line, tlie result will l)c too great 
too s?nall aceordijig us the line of sight in reading the scale is 
nnn! to the line or to tlie scale. Tlio magnitude of tlie error 
IS introduced depends on the angle between tlie lino and tlm 
le and can be exactly computed when wo know this angle and 
I circumstances of the observations. If the scale is not straight, 
ts divisions are irregular, or if they arc not of standard lengLli, 
j result of the measui'cment will be in error by an aniount 
lending on the ningnitudc and distrilnition of tlmse innceurncies 
construction. The sign and inugnitudo of sucli errors can 
icrally be tlelcrmincd by a careful study and calibration of the 
.le. 

ff M represents the actual numeric of tiic measured irmgnitiuh*, 

I the observed numeric, and Ci, ^2, C3, etc., the constant errors 
icreiit in tiio method of mensureinent ami tlio instnmif)nt.s used, 

j\I — Mq + Ci-|-C 2 d-C 3 +***, (I) 

c necessary number of correction terms Ci, C2, C3, etc., is 
:crirjincfl by a careful study of tlic theory and practical apiili- 
-iou of the apparatus and mcUiod us(xl in finding The 

gnitude and sign of each term are determined by suljsidiury 
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(Intii. Thus, in the abovi! illuHlivilbm, .siipposi- limi, tlu^ kckIo Ih 
strniglit and luiifonnly jcrjuluiili'il, llial. fadi nl iln divisions jg 
1.01 times fu) tong ii-s tim unit in u'liicdi it i.s siipposcil in |i(> 
ated, and that tlio liw. of tlm gnuluiilions nmkns im „ ^^ilh 

the lino to he inciisun*(I. l.'inh'r thiso nnidilliiiiH, tlx! iiiindier of 
collection terms indiicoH to two: tim liral, dm* to Hie false 
length of the sonlo divisions, nnd (In* siTiiml, f dim lo (ho lack 
of pai aliclism between the .scale nu<l I he line. 

Since the actual length of eneh division is 1. 01, (he length of 
j1/o divisions, i.o., the length llmt woiihl have lieeu observed on 
an nccuralo scale, is 

Ml = Mo X l.Ot - <Ug I 0.01 M„ ■ Ml, I- f.'i, 

C, = + 0.01 ,l/o. 

If tho line of sight is norninl (o (be line in making (he olwivii- 
tions, tho length Mo Umt would hnve been obluincd if Ha* scale 
had been pioporly piaeed is 

il/a = jlfflCeset “ ,1f<i ■(• f 
Ca = “ /l/o (I * cos (t) • U ,1/|,siir'“|p 

and (1) tnkos the form 

M =■ Mo d* d.OI ilAi — 2,l/osiir-’;'t 

*4 

“jl/«((*|-0.01'-2sin-'-'). 

T!\o precision witU \vhioh it is ut'n's.^uvy ii> <it*lt'rnnno ilio cor- 
rection terms Cl, C 2 , etc.,, and fr(*(|Ui*ntly I In* lUinihiM' tif tlicso 
tcijns that should bo oin))lfiy(*d ch'|)i*iids nn (Ik* with 

which the observed nuinorio is ibHmniui'tb (f JA,, i.s nioanuivd 
within one-tontli of ouo ])cr (tout (if ils itui^uilticlr, ilin ni^vcral 
conootion terms should he doUivnuuvd ^Yithi^ mu' luu’-lnimlrrdUi 
of one ])or cent of i!/o, in order llmt llu* pari of I be suiu 

of tho corroctioas may l)e loss llmu onodoiilh of oim pm* oisil (»f 
Mq. If any correction Icrin ih foniul lo Im» |(‘hs I linn I bo above 
limit, it may bo ucglGcted onlirely niniM^ i(. jh obviously usoh'sa 

to apply a corrcctiou that in loss Uuiu ono-iontli of uueov- 
tamty of Mq, 

In oui illustration, suppose! Uml Ihc* pnadsion is siifh llmt wo 
are suie tiat Mo is loss than 1,57 iuillim(>ltn‘s and gruulnr limn 


if) millimeters, but is not suflicicnt to give the fourtli significant 
jre within scvtual units. Obviously, it would be useless to 
icrininc Ci am! C 2 closer than 0.00 1 milUinctor, and if llic mag*' 
uclc of either of these (luantitics is less than 0.001 millimeter 
i' knowledge of the true value of M is not increased by making 
j corresponding correction. In fact, it is usually imjiossible 
chtcvinhio. the C's with greater accuracy tJ)an tlie nbovo limit, 
iCC, as in our illustralion, jUo is usually a factor in the correction 
ins. Hencii the writing down of more than the required nuin- 
[■ of significant figures is mere waste of labor. 

Wlu'u eonsidoring the availableness of iiroposcd methods and 
paratiis, it is imporlant to investigate the nature and magni- 
le of the constant errors inherent in their use. It somcUnies 
[)pens that tlui sources of such errors can be sufficiently cliiiii** 
ted by suitable adjustment of the instruments or modification 
the method of observation. When this is not ])ossibIc the 
iditions should l)e so chosen that the (’orreetiou terms can be 
iiputefl with tile required precision, liven wlicn all possible 
.'Cautious ha\'o been taken, it vciy seldom InipponN that the 
n of the constant errors reduces to zero or that the magni- 
le of the necessary corrections can be e.xactly determined, 
jicovor, such errors arc never rigorously constant, but present 
all fortuitous variations, whicli, to some extent, are indi.stinguisli- 
Ic from the accidental errors to be described lator. 

A. more detailed discussion of constant errors and the limits 
thin whicli tlicy sliould be deterininod will be given after wo 
vc developed the methods for estimating the precision of tho 
served numorio M, 

ig. Personal Errors. — When sct.iing cross-hairs, or any other 
heating device, to bisect a chosen mark, some oliscrver.s will 
variably set too far to one side of the center, while olhcns uall 
consistently .set on the other side. Again, in timing a transit, 
nc persons will signal too soon and other.s loo lute. With 
porionced and careful ol)scrvcrs, the errors introduced ia this 
nmer arc small and nearly constant in magnitude and sign, 
t ilicy are seldom entirely negligible when the highc.st po.ssil)]o 
3cision is sought. 

EiTors of tin's nature will be called personal errors, since their 
ignitudc and sign depend on personal peculiarities of tho 
server. Their (dimination may sometimes be effected by a 


of the effects pra<luce(l hy UH-ni uiulrr nir niiHliliniis imposed 
by the particular piuhh'iu (oiisidoivd Suiljihlr nir(lu>ils hy this 
purpose are available in amnaflioii wifli iimst uf Hu* iuv('sti(ir,i- 
Uoi\8 ia which mi exact knowledge nf I lie perMiiml error in esseiiiinl, 
Such a study is frcuiutMilIy referred (o ns n deliUiniiiiitiou of the 
Personal Kqualiou” of tlu* oliservc r. 

20. Mistakes. - Mistakes are error.s due (o rea<ling iho imij. 
cations of an insUiunenfc enivlc’ssly or l<i a fnully reeord of the 
observations. The; most frisiuenl ol (liesi‘ are Ihe following; 
the wrong integer is placed bchinMiii urciirale frnclioiml rending, 
c.g., 0,G8 for 10.08; llic ivmling is made in tin* wnmg direelion of 
the scalcj e g., 0.3 fur 5.7; the sigiiilie.uid (igures nf a nuinher arc 
trausposedj o.g., 50 is wntli*n for *15. (are and .s|ri<d. aMeiil.ioii 
to the work in hand an* tin; cmly safeginirds against siieh inislulau 

When a largo number of ob.servalicms have been sys((*iMa(ica!ly 
taken and recorded, it is sometinies pnssilih* (u reeiify an obvious 
mistake, but unless this ran be iIoim* with eertainly Hu* ollending 
observation should be tlropp(*d from tin* series, 'rids .sfnhuueiit 
doe.s not apply to an observatiou slinwiiig a large deviation from 
the moan but only to obviou.s mi.sinkes. 

n. Accidental Errors. Wlu'ii a H(*ries of iiuh*penili*nt mens- 
urements of the same maguituile have* bi’eii uuule, by tin* same 
method and apparatus and wi(h cipud eare, (In* lesidts generally 
(lifTcr among tliomselvcs by .sevt*ral units in I In* hi>*t one or two 
significant figures. If in any case (li<‘y an* found bi be identical, 
it is probable that the observations were not iiulepeiident, the 
instrumoiits adopted Avere not sullir i<*iilly Ht'iiwilive, llic» luaxiimim 
precision attninablo was not utilized, <ir I he observalioits \vm\ 
carelessly made, Kxactly eonconlant nu*asiirenieMls are (|uib; as 
strong evidenco of iiiaccuruU; obs(*rvalion as widely diviTgont 
ones. 

As the accuracy of method and tlu‘ .sensilivc'uc'ss of insInimcnlH 
is increased, the number of conconinni figures in (lie n*sidt in- 
creases but dilTcrenccs ahvny.s occur in lln* last al laiimbh* figures. 
Since thoro is, generally, no rca.Hou (.o aiipposi; (lint any oik* of thn 
measurements is more accunilc than any o(lK*r, we are led to 
believe timt they arc all afTected by sniall uimvoidalile errors* 

Aflcr all conslant errors and a/ns/a/re.w haw hvrn rorrrr/r//, tha re* 
inaxnin^ differences hetweeu the iyidividual mva>aurmvnis and the true 



eric of the yneasurcd magiiiUidc are called accidrMal errors, 
y are due to the combined action of a larj2;e munbcr of indo- 
lent causes each of which is equally lik(jly to produce a posi- 
t)V a negative elTcct. Probably most of them liavc their 
ti in small fortuitous variations in the seiisitlveneK8 and 
stjnent of our iiistrumcnts and in tlic kcenuoss of our senses 
ght, hearing, and toucli. It is also possil)lc that the correhi- 
of our sense perceptions and the judgineuts that wo draw 
i tlu?in arc not always rigorously the same und(n- tlie same 
jf stimuli. 

2])po.sc tliat measurwmats of the .same (quantity have been 
e by tlie same inethotl and with cqtiul care* Let rq, as, 
a,v re])reseiit the several results of the inde])ciulcnfc meas- 
iciits, after all coustant errors and mistakes have been elim- 
;’ci, anil let A" represent the true numeric of the measured 
nifcud(;. TJion the ai^cideaital errors of tlie individual measure- 
ts are given by the differences, 

= A, A2 ~ 02 — AT, A3 = ^5 — A, . . . ciy — A* ( 2 ) 

accidental errors Ai, * Aj^r tiuis defined arc aometimes 

:d the true errors of the obs(?mitions ai, . . . aA^ 
n Residuals. — Since the individual measurements oi, a^, 
o,Y differ among themselves, and since there is no reason to 
lose tliat any one of them is more aecurato than any otlicr, it 
wer possible to determine tlie exact magnitude of the numorie 
Ilencc the magnitude of the accidental errors Ai, A2, . . . A^^ 
never ho exactly determined. ]iut, if x is U)c most |>robal>le 

i) tlnit wc can assign to the numeric X on the basis of our 
suremeuts, we can dolermiuc the dilTcrences 

Vi === fii - Xf r2 = 02 - T, . . . = a.v - x, ( 3 ) 

>e differences are railed the ?'es{duah of Ihe indmdued 7 neasure-‘ 
[.S' ai, 02, . . . 0:V They represent the most jirobublc values 
wc can assign to the acckhmtal errors A i, A2, . . . on the 
s of the given measurements. 

.should be continually ixiriie in mind tliat tlic rosidiiuls thus 
rmined are never identical witli the accidental owors. How- 

j) r(«cise our m(!asiiremonts may be, the ])rol)ability that x is 
ily equal to A'' is always less than unity. As tlio mnui)er 
precision of measurements increase, the difference between 


scries 01 nitjuuumuu iuuu.-iun lui uin nfi nin m ncirrininuig 

tlio most probaWo miinoric Unit cim Ix^ assip;iu>(l (o |.||o iitofimncd 
(liwiiHty and making an ('stimiilo of llio phudsioii of Uni i(.su|t 
lltus obtained. A disouasioii of Um finnliimciiliil tniiu’iplc.s of 
the theory of probability, Hiiflii'ii'iit ftir liiis iiiirpo-sc, in given in 
most textbooks on ailvnnctul uigniu-n, nml (Im Ml.nilfiit. Hhoiild 
master them before uiulevtnking the. st-mly of Ibo (livovy of errms, 

For the sake of coiivemeiieo in icf«‘r<‘ue«‘, the tiueo most mefnl 
propositions are .staled below willmiit proof. 

PnoposmoN 1. If an (:v('nt eiin liappoii in « itniepimdout 
ways and either linpjien or fail in AT inclepoiHk'iit wiiys, (be prob- 
ability v that it will occur in a Kingle trial at raiuloin is given by 
the relation 

V - -y (4) 

Also if p' is tho probability that it will fail in a aiiigle (rial at 
random, 

p' « I _ p « ( ™ 

Proposition 2. If ibo proliaiiilHiivs for I ho aoparato oeiaiiTeiico 
of ninclepondontovcnlsarortwpooLivolyp,, /)j, . , . />,„ the prob- 
ability Ps that some one of liinsn ovtaitH will oeeiir in a ainglo trial 
at random ia given by Iho ve.lntiou 

Ps « pi -h pa -I- Pa -!-••• -1- /!„. (0) 

Proposition 3. If the i>robabilili(‘a for the acparule ocenrrenco 
of n independent events nro rcwpeotively /ii, l)io 

probability P that all of tlio ovouts will oounr at (ho Haine tiiiio is 
given by tho relation 

« Pi X pa X • • • X p„. 


( 7 ) 


CHAPTER IV. 

THE LAW OF ACCIDEHTAL ERRORS. 

Fundamental Propositions. — The theory of acciclonia! 
:\s based on the principle of the arithnietiGal mean and the 
R axioms of accidental errors. When the word error ” is used 
o\it qualification, in the statement of tiicsc propositions and 
le following accidental errors arc to be understood. 

nnciple of the Arithmetical Mean. — The most probable value 
can be assigned to the numeric of a measured imigniUido, on 
)asis of a number of equally trustworthy direct measurements, 
c aritlimctical mean of the given mensurcnients. 
lis pro])Osition is self-evident in the case of two ind(*])endcnt 
5uremcnts, made by the same method with equal care, since 
of them i.s as likely to be exact as the other, and hence it is 
i ])robable that the true numeric lies halfway between tliem 
1 in any othoi* location. Its extension to more tlinn two 
mrements is th(^ only rational assum])tion that we can make 
i.s sanctioned by universal usage. 

rst Axiom. — In any large number of measurements, iiositivc 
negative errors of the same maguitudo are equally likely to 
r. The number of negative errors is equal to the number 
Dsitivc errors. 

xond Axiom. — Small errors are much more likely to occur 
L large ones. 

hird Axiom. — All of the errors of tlio measurements in a 
n scries lie l)ctWGcn equal positive and negative limits. Very 
5 errors do not occur. 

lie foundation of tlicsc propositions is tlie same as that of the 
ms of geometry. Namely: they arc general statements tlmt 
uhnitted as self-evident or accepted as a basis of argument by 
lompctont persons. Their justification Hc.s in the fact that 
results derived from them are found to be in agreemont willi 
irionce. 

;. Distribution of Residuals. — It was pointed out in article 
ity-two that the true accidental orrorS; re])rcscntcd by A’s, 
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lyjf / . . - . 'J'KlLJUU 

( 3 ). The A'rt nuiy 1 »! {ronsiclnrd mh Mir iimiliriK valuiN toward 
winch thor’s iipproiirh ns llu* uinahrr <11*11! isrrval inns is iiulrliniUdy 
increased. If tlici n’siilnnls i‘ovn\^]«>nilinK In a vrry Inr^c! nnm* 
bor of oliscivatioiis mv arniiiMi‘<I in MK^nps an'unlin^ to sijru.mul 
magmtmlc, Uw gnm^is routjuuinji; very sniati jiusilivr or nrgiilivo 
residuals will be found to la* [lu* Inmnsl, nnil» in g:rn(‘rnl, Ihr iiuiKiib 
tilde of the groups will d(‘(*rr{isi* nrnrly iiiiironiily ns (|ir maguitude 
of the contained rcsidnuls inevrnsrs nil her in>siiivrly nr argalively. 
I,ct n represent tlir nunda*!* of ivsiilualn in any gnni]), and r llieir 
coimnoii magnitude, (Ik’U Mir distrilnilion of tlir n*siiluids, in 
regard to sign ami nmgniludis nmy i>r Vi'])rrst*nlrtl gniphirally 
by laying off onliiuites ))roporMonnl (o Mir numbrrs n against 


n 



abscissfc pioijovtionul to (hr eorrrspnmling nmgnihidrs The 
points, thus located, will Ik* upjiroxiiimlr'ly iiniloi inly (listrilnitrd 
about a curve of tlir gein'ml form illii.siintrcl in Kig. ‘J. 

The immbev of ivsuhmls in rnrh group will inrnaiN* willi ilio 
total mimbor of inrasnn’iurnts fnuu wliit h Mir ra nrr ronipuliaL 
CoascQUcntly the ordiniiti*s of Mr* i*nrv<* in log, 2 will ilrprmt ou 
the number of ohsrrvatious ronsidrrril ns wrll as on Mu'ir nrruracy. 
Hcnco, if wo wish lo compare* dilT<*n’iit .srrirs of nu‘n.siin*nM*iitM with 
regard to accuracy, wo must in some way rtiinimilr (hr ritrrt of 
diftorenccs in the number of ol)Sf‘rviiMonH, iMon-ovrr, wi* nrr uol 
somucli concciacd witli tlio total immfii*!* of rrsidiuiln of iuiy given 
magnitude as with tlio relativr nimihrr of rrsidnuls of diffrvrut 
magnitudes. l<or, as wr sluill hci*, llir arnniry of ti srrii'.s of 
0 scivations (lopond.H on tliu ratio of Mir niniibrr of siiinll (UTura 
to the number of largo ours, 

26, Probability of Residuals. ' Siipposi* rlmt a vnvy largo 
number of independent nirasiirrmriiis have* hmi luudr and that 


rresponding residuals liavc been computed by equation ( 3 ). 
raJigijig the results in groups according to sign and inngni- 
=iuppose Avc find n\ residuals of magnitude ri, of inagni- 
2i (d(s., and ni of niagnitude — rj, n2 of magnitude — r2, etc. 
(jhoose one of the incasurcnieuts at random, the probability 

;))C corresponding residual is equal to rj i-s since thorn 

reskluals and of them arc equal to ri. In general, if ?/i, ?y-2, 
h\ Vi, • . • represent tlie prohabiiitios for the oecurrcnco 
iduals equal to ri, r2, . . . ru ^2, . . . respectively, 


ni 


n2 


2/> -]V’ y^-N’ • 


„ / - _ n2 


iV* 


. ( 8 ) 


(ill N is incrcascid b}"’ increasing the number of measunnnents, 
[)f tlie ?d.s is increased in nearly tluj same ratio since the 
als of the new nioasurcmcMits arc distributed in (issentially 
line manner as the old ones, provided all of the measure- 
considered arc macio by the same inctliod and with equal 
Consequently, tiui corres])onding to a dermito method 
icrvafion arc nearly independent of the number of measure- 
. As increases th(*y oscillate, with eoutiminlly decreas- 
nplitiuhi, about tlio limiting values Unit would be obtained 
m infinite number of ot>servatioiis. Hence the form of a 
, liaving ifs, for ordinates and corresponding ?'’s for abseissiu, 
(Is on the accuracy of tlie im^isurements considin’cd and is 
ly imh^pendont of provided it is a large number. 

The Unit Error. — The ndative aecniracy of din'erent 
of measureinimts might be studied with the aid of th(! corre- 
ing V : r curves, but since tlie y/.s arc abstract nu nibc’rs, and 
> arc coiKirctc, being of the same kind as the measunnnents, 
)ctter to adoj)t a slightly difTcrent mode of rcpiTsimtalion. 
lis purposes, eacli of the r\s is divided by an arbitrary coii- 
/i, of the same kin<l as the measurements, and the abstract 

ers--> yi etc., are used as abscissic in place of the r’s. In 

liowing fc will be called the unit error. Us laagnitudo 

be iubitnxrily cIiohcii in jxarticulnr cases, but, wlioii not 
tcly siw'eificd to tlic eontracy, it xvill be taken equal to the 
niap;nitiult! tliat can be directly observed with the instru- 
) and methods used in making tlic ineasurejnonts. To 


divided in inillinioloiTi. J>y (‘.s(,iina(.i(iti, IIk! .scpaiiiU* olwi'rviitioiw 
can bo inado to on<!-tcutli of a millimcti'r, iu 

wo should Inko k otiunl to om'.*U'uU» of a milliundi'v. 

If the rosidu(i(.s an; iUT(inK‘‘d in the oiiltT of ini'icnsinji; inagni- 
tudo, it is ol)vioUH that tlx? sucffHaivo tliUVrciiccs r, - - >•„, j-j ,.j 
etc., nro all equal to k. Ueneo, if tbo inost jmdaibii* value of tlio 
measured qunntit)', a: iu cqimtioti (;i), U (akcii Iti the same num- 
ber of sigairiciiut figiirc.s iw llie iiulividiial meaHiiri'iiii'iUM, all of 
the residuals arc intogrnt multiphjs of k and we havn 


-r, 


H — 


= -p.- 






0 = 1 - 


/. ‘ = /i. 


28. The Probability Curve. -The nssult of a atiidy of tho 
distribution of the residuaiu may bo arnuwtl ns illusi ruled in llu! 
following table, where n in the mntilier of irsjdiials of inagninule 
r; y is tho inobahility that a Hiiiglo ^•l•sidIml, cdio-seii at laiuloin, is 
of magniUKlcr; jV is tho total number of measuremenls, and k is 
tho unit error. 
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Plotting j/ against^ wo obtain 2 p diKcreUi poiiils as in Vig. 3. 

Wien iV is largo, these, iioints are somewlmt Hyinmetrieally dis- 
tnbuted about a curve of the giaiend form illustrated by tlio 
(0 cc me. If a larger nuinlier of observalioiis is eonsidcred, 




f tlio points will bn shifted upward while otiiors will bo 
downward, but llic distribution will renmin approxi- 
symiiiclricfil witii respect to tiic same curve. In general, 
ive equal increments to N cause shifts of contiminliy do- 
magnitude; and in the limit, whezi iV bocomes equal to 
, and tlic residuals are ecpial to the accidental errors, the 
would be on a uniform curve vSymmetrical to the i/o ordi- 
Tlic curve thus dotermiued represents the relation between 
gnitude of an error mid the probability of its oeeurrenee 
ven s(ni(!s of mcasuiGinouls. For this reason it is called 
bability curve. 
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Systems of Errors. — The coordinaten of the proi)ability 

A 

TO y since it. rc])resents the distribution of the true 

tal ('rrors Aj, A2, etc., in regard to rointivc frH|Ucncy and 
ide. Since the curve is uniform, it represents not only 
irs of tlio actual observations, lait also the distribution of 
10 accidental errors that would l)e found if 'the sensitive- 
our uisiruments were infmitoly increased and au infinito 
of observations wore made, provided only that all of Iho 
Irons were made witli thes same degree of precision and 
irulcpendeully. 

tlie errors rc^presentod by a curve of this type l^olong to a 
system, (diaracteri/.cd by tlic magnitude of tlie maximum 
) ?/oaiul the slope of the curve. Hence, every prolmliillty 
:^presents a dcfnnte system of errors, ti also rc]>rosents 
dental errors of a series of measurements of defmiU) pre^ 
Hence, the aceicUaital errors of scries of measurements of 
[, inocision belong to difTerent systems, and cacli series 
ct(a‘i;ie(l by a definite s^'stem of csiTors. 

>robabiIity curves A and JJ in Fig, 4 represent the systoma 


precision. As Lho piwisum ol UM’nsun‘mi‘ii(. is iiinruscil \i jg 
obvious that tlio miiiilHT of snnill riri»r.s will iiifivnsr ivinlivciy 
(0 tlio mimbor of huKo ours. ( •onsrciiKMilly llir prohnhility of 
small errors will bo Jiml llial nf lnr(;r nii(‘s will lu. los.s 

the more preciso .stTU's/l (luiii in I hr h‘ss jufrisr sejifs //, I fence 
the curve A has a KH'alrr inaxiniiim onliiinir aiul slopey nmft 
rapidly toward the lM)nzuulnl axis thau Ihr curve. H, 


if 



30. The Probability Functioih 'I'ho uuiKUiuuu oviliunle uml 
the slope of Iho |)ruhability eur\n? dc|i(*Md on IIk* ccnisianls lluil 
appear in tlio cf|uation of tla* vnrw. WUvn wo kmiw tin* form 
of the cc[uatiou and have u uw^tluul of dv(orovit\io^ the umnevieal 
value of the constants, wo mv. able to dch'niiinc Ihr rclativo pre- 
cision of (lifferout series of UMmsunauents. Siiu r (be eurv(> repre- 
sents the distiiliutiou of the tvuo neeiilrnlnl errors, wo are also al)lo 
to compare the distribution of tlu’sn crhirs with dial of ilu' resid- 
uals and thus develop worIcal)lf» nndlnuls for lindinp; (lie mo-st 
probable uumcvie of the inea-s^ired )nnp;nitiah\ 

It is obvious, from an insimetion of IdfCH. M and -I, Hint y is a 
contiiaioiis function of A, flecn’usinjjc very rnjiidly as llii» tjiaKui- 
Uulc of A iaevonsos oiihor positively or neKativeiy and .Hyniinctrieal 
with respect to thn y axis. neiu'(‘, tb(> tiriibuhility curve auji;- 
gests an equation in tho form 


! e ia tlie basfi of the Napierian system of logarithms, co is a 
iint (lepeiuliiig on tlic precision of the series of nicasureiricnts 
ler(Ml, and tlie other variables liave been delinod above. 
EKjuatiun ^‘aa be derived aimlytically from (lie tlirec axioms 
:i(lct\tal errors, with the aid of several i)lausiblc assuinptioiiB 
ling the constitution of such errors, or from tli(^ principle 
Li arithmetical mean. However, the strongest evichmee of 
actiKhss lies in the fact that it gives results in snb.stantial 
[uent witli ex])oricnc(i. Conse({ncnlly, wc will adopt it ns an 
‘ical relation, and proceed to show tlwat it i.s in oonfonnity 
the three axioms and leatls to the arilhmeti(5al mean as tho 
proI)al)Ie numeric derivai>le from a serh’s of equally good 
endeiit measurements of the same magnitude, 
nation (9) is tlio mathematical expression of the law of 
ciitnl (?rrors and is oft(?n referred to simply ns the law of 
Its right-hand member is called U\c ])robal)ility funetioii 
for the sak(i of convenience, is represented by 4* (A), giving 
clations 

1^ = 0 (A); ^ (10) 

The Precision Constant. — Tho curves in Fig. 4 worn 
jcl, to the same scale, from data computed by (xiuatioii (0). 
constant u> was tulnm twice as great for tlic eurvo A as for 
irv(^ and in both cases values of y were computed for sue- 

'0 integral values of tlie ratio ~ Tlie maximum ordiiiaio of 

K 

of tliose curves corresponds to the xero value of A and is 

to the value of w used in computing the ^’s. The curvo 
irresponding to the larger value of w, api')roach(is tho horU 
1 axis much more rapidly than the curve B. 
viously, tho oojjstant oj detenaiiios botJi tho maxijmim 
ate and the sIoi)C of the probalulity curve. But we have 
that those charactoristies are proportional to Uie ])rocision 
i'. measurements tiuit determine the sysienn of (M’ror.s r(»p re- 
el. Hciicc cj cliaraeterixcs the S 3 ^stem of errors coii.skI- 
and is ])roportioual to the ])recisiou of the corresponding 
urements. Some writers have called it tlie precision measure, 
as it depends on\y on the accidental errors and takes no 
int of tiic a(ieuracy witli wliicli constant errors aro avoided 
irrectod, it does not give a eomplete statomont of tho pro- 


CJSlUll. - ‘ ^ 

iscvvod fov a fuucUou to bo disoUHSotl IilIoi*, mid co will hr. cnWwl tk 
precision constant in Uio following pa^(^s. 

When A is taken equal to i^om in (‘(jualiou (0), y U (filial to w, 
Hence the precision of n\oi\snnmua\( s ^o far an il de.pemln upon 
accidental errors, is proportional to ilie ijrobiihiliLy for I he occm^ 
rence of J^cro error in the eorn^spomliniJ^ Hystoni of errors. In 
this connection, it should ho homo in mind llml the syslein of 
errors includes all of the errors tiuit would hiivu Imm'Ii fomul 
with an infmito nuinher of observations, and that it eiinnot bo 
restricted to the errors of the aelnni ineasiiremcsds for tlie inn-* 
poso of computing o diivobly. Iiulireet iiudJiods for eonipuUng 
ojfvoin given observations will be dismissi’d latm*. 

32. Discussion of the Probability Fuiictlou. - liispeeliou of 
the curves in Fig. d, in eoimoetioii with i‘(|na(ioii (li), is suflieieiit to 
show that tlic inohalnlily f\u\ution h 5 i\ uji;reemeut with [hr livsl 
two axioms. Sinco y is an eviui fumdhm of A, iiositive and nega- 
tive orronsof the same inagnitudn are (spmlly prohabh?, and eonse- 
quontly equally numerous in an extmid(’<l serien of iiuvisurenu'iits, 
Hence the first axiom is fiiKilled, Since A mitiTs the fuiietioii 
only in tho negative exponent, tlie imihahility for the oemuTenco 
of an error decreases very raimlly as its magiiitinh^ iiiereasos 
either positively or iicgutividy. IfeiieeHiiuilI (»rror.s are much inoro 
likely to occur tlmu large ou(‘h anti the stsioiul axiom is fulfilled. 

Since tlio function <^(A) is {continuous for vahu's of A ranging 
from mimis infinity to pins infinity, it is ai»|iunmtly at viirianco 
with the third axiom. For, if all of tlu^ rvvovs lie hidAVt'en definite 
finite limits - L and + L, t/>(A) should Ih^ ttontimions wliile A 
lies between those limils and txinal to ;^lM‘o for all values of A 
outside of thorn. But wo have no mtsins of fi.xing tlu^ limits 
+ L and — L, in any given ease; ami we noli' that 0(A) hia^omos 
very small for moderately largo valut's of A, I ftsK^t', whaUmt'r tho 
true value of L may bo, the error involved in exttuuling the limits 
to ^00 and is infiniUjsimnl. (knistKiUeiitly, 0(A) is in sub- 
stantial agreement with the third axiom provided it leads to tho 
conolusion that all possilile errors lie between Uu» limits —co and 
+ 00. This will bo tho ease if it gives unity for tlie ])rol)abiIity 
that a single evior, cUoseu at random, lU^s betwtsm — 00 and 4- co . 
For, if ail of tho errors lie lietwtsin these limits, th<i iirobubility 
considered is a ccrtaiuty and honco is repreaonted by unity. 


The Probability Integral. — Tlie accidental errors, corre- 
ng to ncLual monsuicincniSt may be ananged in groups ac- 
^ to their magnitude in the same manner that the residuals 
irrangcd in articlcj twcnty'eight. When this is done the 
in succeeding groups differ in magnitude by an amount 
to tl)(^ unit error k, since k is the least differencio that can 
ermined witli tlic instruments usial in making iiie obsor- 
s. lIcMice, if Ap is the common magnitude of the (errors 
/dll group, 

i-i) ““ Ap == A(p+2) ~ A(p+i)= • » • =A(p-i-5) — A(p^.,^i)-/v, 

pressing Iho same ndatiou in different form, 

'+! ■ -r" -0-+l) + j; . . . - (PH) +!■ (1) 

a is ail indeterminate quantity'' that enters each of the 
DiKs hccatise u'c do not knou" the actual magnitude of the 



the jirobainlity curve in Fig. 5 represent Uie system of 
to which the errors of the actual measurements belong, 
the ordinates ijp, y(p+ 2 ), . . . 2/o>.h) represent the 

alitic.s of the ermns A,,, A(p + i)^ . . . Ao> 4 .q) respoetivoly, 
the ('.rror.s of the actual measurements satisfy tlie ndation 
10 of them correspond to points of the curve lying between 
dinales i/p, . yiv\-q)^ Hence, in virtue of eqim- 

i), article twenly-tliree, if we choose one of tlie mca.sure- 
at random the prohalnlity that tlie magnitude of its error 
Lweeu Ap and ^(p-\-q) is 


Multipiynig aiiu uivmiiib 


Q ^ ?/(!-+ o.:l' 

Vii 


-I- 


*' (I 

I’ 


^ yv<i * (7) 00 

where t/pQ is wrilLcu for iho ninm of llm onlimilrs Ixaween i/p 
find yip-\-Q)‘ h'roiu cquuUoii (i) 


Hence, 


vV 


.. A(,, i„)' 

lli'>t ■ j. 


In the limit, when wo ctnwidor tlio ('I'rniH of im inlinilo luimbct' 
of measuremonls nmilo witli iiilinilrly Mt-uMilivo inslnimcnts, i-veiy 
point of tho cum rciHOsuuls tlui prolmltilily of ouo of llu' oitois 
of tlie system. ConHcquciitly, for tiny linilo vnliu- ttf 7, llm inter- 
val between the ovdiniiteH y,, imil tft,. i.,) ix iniiiiilt'.MiMiil, iiml nil 
of tho ordinates between these limiUs nmy be eonsitleretl etiiiul. 
Hence, in tlio limit, 

A(p+ 9) - A,,= r/A, yA ■■ </*(A), 

and (»i) icduccs to 

yS-i''‘'-0(A)''^^, (11) 

whore repro.senUt tlio prolmbilily tlinl; tlio miiKiiitiKle of a 
single error, ehoson at nmtloin, is botwet'ii A lunl A -I- t/A. 

By applying tho usual rensouiiig of the iulegnil euleiilus, it is 
evident that tho expression 

2/!;«J.£\HA)dA, (12) 


represents the probability that lliti magiiitixlo of an error, chosen 
at random, lies botwccii the limita a mul b. 'rUn integral in this 
expression also represents the area under llm probability curve 

between tho ordinates at t and r. (lonsciiuenlly tlio jirobnbility 

IC fC 

in question is represented graphically by the slinded area in Fig. 0. 

The probability that au error, clio.sen at raiidoiii, is niitnerically 
less than a given error A is equal to tlui probnbiUty that it lic.s 


fill Ulc liinits —A and -‘-A. Hence, if we dcsignato this 
bility by 

^^ = 2/+^ -J: r%{A)dA, 

-4 /uJ-A 

= ~jy(A)d£^, 



if (A) i.s .*in oven functioii of A. Inti-oducing the complete 
>sion for 0 (A) from cqu?ilioa (10) we obUiiu 

Pi = ^ j^^-*“’r!dA 

10 sake of simplification, put 

n 

^o>-^ = 


0 9 

Pi = -^ / ->•. / e-‘Uh, 

VttJo VttJo 


(13) 


is iin cntiiely goiicml expression for tlie ])robabiliiy 
able lo an 3 ^ system of errors wlien we know tlie corrospoJKl- 
lIucs of the constants to and fc. A series of numerical values 
i right-hand inorabcr of (13), corres])on(Hng to succossivo 
5 of the argument I, is given in Table XI, at the end of 
olumc. Obviously, this table may bo used in computing 
robability corresponding to any system of errors, sinco 
laracfccristic constants to and k appear onlj'^ in the limit of the 
■al. 

latcvcr the values of the constants to and fc, the limit VtTw^ 


system of orror-s, 


v/jf i/ll 


I, 


{13a) 


whcift tho niiinerioiil viilue (l>at M:iv*‘n 'TaMi' Xf, for tin* |ii^^ 
^ oqimls mliiiity. C^oiisoiiuoiUly lln- jinilialiilily rum-liou ^(i) 
loads to the ronclusioii tiiiit all of (In* tThos in any ^ystela Ho 
Ijolwoon the limits -oo ami 1 /^, und, Oun-rfurr, ii hiHilla tlio 
condition imposcMl Uy Urn lliinl a\itaii as rxplainnl ia tHtj last 
pariigraph of iirtifln tliirty-l'Vo. 

34 . Comparison of Theory and Experloiico. Mqiialion (13) 
may bo nsed to eoiaparr Ilia iti'^liilmliiai i»f Ihr n*sii|iniU ludually 
found in any srrirs of mt'aMinuarnls wilh ||m* lliiMMrli(*nl disiii- 
butiou of tlio aecridralal <’rn)rs. If /V rt|imlly Iriisl \v<uiliy lai-us- 
ureineiiU of tin* snim* iiuiKailmli’ havr Iiri*n luailo, all of tlio iV 
correspond inj:; nreuHmIal emirs bidtiiij^ in ihc' saim' syslcin, and 
the prohal)ility that IIh’ mrnr of a *sijmh‘ inraMin nniil. is aniuer- 
ically less limn A is given by l\\ in et|natinii ( |:i|, ( ’unsrquenlly, 
if N is suflicionlly large, wo Tilnmld exjieel in !iml 

A'/Vx (iv) 

eiTors less Hum A. Knr, if we rnn^^iiler nnly (la^ emirs of the 
acUial inoaHumuenls, Uie prnluiliilily tliat mie nf llieiii is less 
than A isecptnl to the lalionf ihi' number less lhaii A (n Ha* (olnl 
munber. In tlu^ Hunie maimer, I he iinmtu*r less tlam A' should 
be 

Nx NPy. 

Hcncc, Iho immhor lidng bei.wia'ii I lie limils A ami A' Hhoiihl bo 

• Ny • ;Va. (v) 

These numbers may be t'ninpiileil by equ ilin 1 (Hi) wilh tlio aid 
of Table XI, when we know N ami I he v.ihie <if (he exprossioii 

coiTcspomlmg to the given nwa'^nremeuU. 'riw mmdwr, 

A^J, of ro.sidnals lying heUveeii (hc» limitM r equaln A ami r* ef|uals 
A' may bo found liy inMias-liiig Ihi' Neri»*s uf resiihials <*()ni)iuled 
from the given ineusunmuMttH by e<pniiien Cb, nrti<‘ie twenty- two. 
If is large and the errors cd ihi* given measiiriummis Hnlisfy 
the theory wo have clovoluped, the mmibtu's and A'j' nliould 


y nearly equal, since in an extended series of ni(?asnremeuts 
iidunls are very nearly equal to tlic accidental errors, 
following illustration, taken from Chauvcncl’s “Manual 
lerical and Practical Astronomy,” is l)asccl on 470 obser- 
s of the right ascension of Sirin^i and Altair^ 1)3'’ Bratlley. 
rors of these measurements belong to a system cliaraelcr- 

: a particular value of the ratio ^ that has been oompided, 


lethod to l)e descril)e(l later (articles thirty-eight mid forty- 
lud gives the relation 

= 1.808(5. 


luently, to find the theoretical value of corresponding 
limit A, we take t equal to 1.808(5 A in eciuation (1.3) and 
e corn^sponding value of the integral by interpolation from 
XI. 

tliird column of tlic following tal)lc gives tlie values of 
responding to the chosen values of A in the first column 
e computed values of L in tlic second column. I'lui fourth 
i giv('s tile eorrespouding values of eomputetl by e(iua- 
v), taking ecpial to 470. The sixth column, computed 
lation (v), gives tlic number, of crror.s that should 
vGcn the limits A and A' givcai in the fifth. The seventh 
. gives the numbtn* of residuals actually found between Die 
mils. 
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[jarison of the luiinbors in the last two columns sliows very 
grccincnt between theory, represented by Af^', and expe- 



ricncn, rcprasouLed by when we remember that tlie theory 
assumes an iufinito number of observations and that the series 
considered is finite. Numerous comparisons of this nature have 
been made, and substantial agreement has been found in all 
cases ill which a sufficient number of independent observations 
have \nnni considered. Tn general, the diffcrencc.s l)Ctw(^oji 
and Nr dcxivnsc in relative magnitude as the number of ob.s'er- 
vations is increased. 

35. The Arithmetical Mean. — In article twenty-four it was 
pointed out, as one of the fundamental principles of the theory 
of errors, tliat the arithmetical mean of a number of equally tni.st- 
worthy direct mcasur<*ments on the same magnitude is the most 
probable value that we can assign to the numeric of the measured 
magnitude. In order to show that the jirobability function <t> (A) 
leads to the .same conclusion, let ai, ^2, . . . a.v represent the 
given mcasureirients, and let x represent the unknown numeric 
of tlic measured magnitude. If the actual value of this numeric 
is X, tJic true accidental errors of tlm given ;nea.surcment.s are 

Ai = Ui — Xf A 2 — 02 ^ Xf . . . Av == 0// “ Xf (2) 

and all of them belong to the same SJ^stGm, ciiaraetcrized by a 
particular value of the precision constant a>. The ])robabiIity 
that one of the errors of this system, chosen at random, is equal 
to an arbitrary magnitude Ap is given by the relation 

2 /,>= = (l>(Ap), 

Since wc cannot determine the true value X, the ino.st ])robublo 
value that wc can assign to x is that whicli gives a maximum 
lirobability that errors of the system are equal to the N resid- 
uals 

Ti ^ «i - X, r2 a2- Xj . . . = a,Y -- x, (3) 

Tliis is equivalent to dotormmmg x, so that the residuals are as 
nearly as possible equal to the accidental errors. 

If !/u 2/2, . . . 2/,v represent tiic probabilities that a single error 
of tlic system, chosen at random, is equal to ri, r2, . . . respec- 
tively, 

2/1 = 0 (^1), 2/2=0 (ra), . » * 2/v = 0 (rv). 

Hence, if P is the probability that N of the errors chosen together 



arc equal to 7% . . . rcsjjnc tivciy, we have, by equation (7), 

article twenty-three, 

2/1 X ?/2 X ... X 2/w 

Since the cxpoiieut in this expression is negative and^ is con- 
stant, tlic nitoximuin value of P will correspond to the minimum 
value of (ri^ -f- + . . . + r^v^). Hence the most probable 

value of x is that which readers tlic stirri of the squares of the 
residuals a minimum. 

In the present ease, the are functions of a single independent 
variable x. Consequently the sum of the squares of the r\s will 
be a niiniinum wlien x satisHcs the condition 

|:(iV+r.^+ . . . +»•/) = 0. 

SuljstituLing the expression for tlin r’s in terms of a; from equation 
(3) this i)CConies 

~ I - .-c)* + . . • + (om - x)'^ I = 0. 

Hence, (wi - .t) + (ns - a:) + . . . + («a^ - x) - 0, (14) 

and X = ; • • ± « a - 

iV 

Consequently, if we take x equal to the aritiinietical moan of the 
in (3), tiio sum of the squares of tlic computed r's i.s less than: 
for any other value of .r. I fence the proi)ability P that AT errors 
of the system are (iqiial to the N residuals is a maximum, and the 
arithmetical mean is tlio most probable value that we can assign 
to the numeric X on the basis of the given measurements. 

Equation (14) shows that the sum of the residuals, obtained 
by subtracting the aritiimetical mean from each of the given 
measunanents, is equal to Jicro. This is a clmraoteristic property 
gf the aritlunctical mean and serves as a useful check on tlio 
computation of the residuals. 

The argument of the present article should bo regarded as a 
justification of the probability function 0(A) rather than as a 
proof of the principle of the arithmetical mean. As pointed out 
abov(3, this principle is sufficiently established on a priori grounds 
and by comrnon consent. 



CHAPTER V. 

CHARACTERISTIC ERRORS, 


Skvhkal clifTcreut derived errors have been used as a measure 
of til c relative accuracy of different series of nieasuronieuts. Such 
errors arc called characleiidio errors of the system, and tliey de- 
crease in maguitvulc as the. accuracy of tlie incasurci neats, on which 
they depend, increases. Those most commonly cjnployed arc the 
average error /I, the mean error il/, and the prol)al)Ic error /?, any 
one of which may he used as a measure on the relative accuracy 
of II single observation. 

364 The Average Error. — Tlio average error A of a single 
observation is tlie ariihmetic^nl mean of all of the individual errors 
of the system taken without regard to sign. That is, all of tlio 
errors arc taken as positive in forming the average. Honco, if 
N is the total number of errors, 

^ A| + A2 + • • * H- A,v [a] ^ 

N = '/V’ 

where the square bracket [ J is used as a sign of summation, and 
the over the A indicates that, in taking the sum, all of the Ats 
are to be considered positive. 

In accordance with the usual practice of writers 011 the theory 
of errors, the square bracket [ ] will be used as a sign of summa- 
tion, in the following pages, in place of the c\istomury sign X. 
Tliis notation is adopted because it saves space and renders com- 
plicated expressions more explicit. 

In equation ( 15 ) all of Urn errors of the system are supposed 
to be included in the summation. Hence, botii [a] and iV are 
infinite and the equation cannot be api)Iicd to fuul A directly 
from the errors of a limited number of measurements. Conse- 
quent I3'' we will proceed to sliow how tiic average error can be 
derived from the probability function, and to find its relation 
to the precision constant <*). A little later we shall see liow A 
can be computed directly from the residuals corresponding to a 
limited number of measurements. 

44 


If yd is tlio probfil)ility that, the ma^i;nitudc of a single error ^ 
cliosori at nuuloni, lies between \ aiul A + c/A, and lui is tlie mini' 
her of errors between these limits, 

nd 

fiiul conso(|uonlly 

«(j = 

= N<f> (A) (1(1) 

in virtue of equation (IJ), artiele thirty-three, where A represents 
the mean inagnituth^ of the errors lyin^ betwi;on A and A + dA. 
Hence, the sum of the errors between these limits is 

[A]d Ax,, = ^A«(A)(/A, 

and the sum of t.lu! errors between A - a and A - b is 

» N 


Substituting the eoniplete cxjmossion for </)(A) from equation (10) 
this beeonujs 


[aj:: 




N(.o 




r/A, 


Hcnee, the sum of the ]K)Sitive errors of the system is 


iVw . 

Tj. 


A* 

*’ ,/A, 


and the Ruia of the tKiRiitivo citovs is 




Ae“'“’^V/A. 


These two iiitognils arc obviously (sniai in niayaiUitle and o)>i)o.sito 
in sign. Consor|uenlly tiu) sum of all of the error-s of the sy.stom 
tahen xvithoiit regard to sign is 





Trw 


( 17 ) 



Hcncc from equation (15); 


N 


and introducing the numerical value of x. 


A = 0.3183 - • 
6 ) 


(18) 


( 10 ) 


37 . The Mean Error. — The mean error jYI of a single mc^us- 
urement in a given sories is tlic square root of the menu of tlio 
squares of the errors in tlie system determined by the given 
measurements. Exprosscid inatlicmatieally 

This equation includes all of the errors that belong to the given 
system. Hcncc, as pointed out in article thirty-six, in regard to 
c(|uation (15), it cannot be applied directly to a limited series of 
jneasurenients. 

By equation ( 10 ) tlic number of errors with magnitudes between 
the limits A and A +dA is equal to — . Consequently 


tlic sum of the squares of tho errors i)ot\vcen these limits is equal 


to — . Ilcnce, by reasoning similar to that employed 

in the last article, 

* 

fAai -'“’ir ,A 

1 Ah (lA 

( 21 ) 

~—j. ‘ 


since the integrand is an oven function of A. 
parts, 

Integrating by 

TTO) Jo 





The first term of tho scicond member of this equation reduces to 



zero when the limits are appliocK Putting for in th() 


second term^ 


rv2^ r 




in virtue of equation (1 3a). lienee, 

lY 25ra.2 


1 

M = —7= • - } 
V2t “ 


= 0.3989 -• 
6 > 


(23) 


38. The Probable Error. — The probable error 7? of a single 
meaHuranent is a megiutude sucli that a single error, cliosen at 
random from tljc given system, is as likely to be iiumorically 
gn^atcr than E as less than E, In other words, th(^ probability 
that the error of a single measurcnienl is greater than E is equal 
to the probability that it is less than A’. Ilcneo, in any cxtnndcd 
series of measurements, onohalf of the errors are less than E and 
one-half of them are greater than E, 

The name probable error, though sanctioned by iiiuvorsal 
usage, is unfortunaU‘; and the sUident cannot bo too strongly 
cautioned against a common misinlorprotation of its meaning. 
The i)robabIc error is not tho most probable magnitude of tho 
error of a single measurement and it noios not dclcnninc tho 
limits within which tho true numeric of the measured inagriitudo 
may be expected to lie. Tims, if x repi-esonts tho measured 
numeric of a given magnitude Q and E is the pro)>ablo error of .r, 
it is customary to express the result of tlie measurement in tlio 
form 

Q — :r dr /?. 


This does not signify that tho true numoric of Q lies between tho 
limits X — E and x + neither docs it imply that x is ])rol)al)ly 
in error by tluj amount E, It moans that the numeric of Q is as 
likely to lie between the above limits as outside of them. If a 
new measurement is made i^y tiic same mctliod and witli equal 
care, tlic proliability that it will differ from x by loss limn E is 
equal to the probability that it will differ by more tlian E. 



In iirticlc tliirty-tlnco it was pointed out tliat tin; prolwhility 
tlial an error, chosen at random from a given sy.sLein, lies lietweeu 
tl)(> limits A = a and A = 6 is represented hy the area under tli(! 
probal)ility curve between the ordinales corresponding to (ho 
limiting values of A. Hence, the probability that the error of a 
single measurement is numerically less than E may be rcprosonteil 
by the area under tho probability curves between the ordinates 
and ij+R, in Fig. 7, and the probalsility that it is greater tlian fi by 
the .sum of the areas outside of these ordinates. Since these two 



probabilities are equal, by definition, the ordinates correspond- 
ing to the probable error bisect the areas under the two branches 
of the probability curve. 

Since the probability that tiic error of a single measuromenf, is 
less than E is equal to the jirobability that it is greater than E 
and the jrrobabilily that it is loss than infinity is unity, tho 
probability that it is less than E is one-half, (lonsoquently, 
putting A equal to E in equation (13), article Ihirty-tliree, 


From Table XI, 





* e-'\U 


1 

2 ' 


Pi = 0.40375 for the limit I = 0.47, 

Pi = 0.50275 for the limit t = 0.48, 

and by interpolation, 

Pfi = 0.50000 for the limit I = 0.47004. 

Hence, equation (24) is satisfied when 


.r 


E 


(24) 



iind we have 


0.47(>94 k 
Vw « 


= 0.2Q01-'- 

CO 


(25) 


39 . Relations between the Characteristic Errors. — Elimina- 
ting- from equations (18), (23), and (25), taken two ut a time, wc 

CO 

obtain the relations 


M =\I\a - 1.253./t, 

E = 0.4709 • Vi .yl = 0.84.53 • A , 
E = 0.4709 . V2 • M = 0.0745 • M, 


(20) 


wliicb express ilia rolativc inai. 5 niUKl(‘s of tho average, inoun, and 
probiihki errors. These relulioiis are universally adopted iu coin- 

y 



MAM 0 EA M A 

k k k k k k ic 


Ffo. S. 


piiting the preeisiou of givtni series of mcasureinonts, and ilioy 
sliould 1)0 firmly fixed in iniiul. 

The three (xiiaations from ndiioli Uic relations (20) aix! cl<!riv'’ed 
may be put in llio form 


A 0.3183 

k ■' ■ 'co~’ 
M ^ 0.3080 
k '(0 * 

E ^ 0.2001 
h 0) 


(27) 


Tl)e probability nurvo in Fig. 8 ropresonls the distribution of 
tlic errors in a system eharaetcrized by a purtieulnr value of co, 



determined by a given series of nioasurenioiits. TJic orcliiiates 
Va, Vm> Un eorrcs))oml to the abscissa) -^> -£> ood-^, eoiu~ 


puted by the above equations. Consequently, represonts tlie 
probability that the error of a single ineasureiucnt is cciual to 
+d, y,\t the probability that it is equal to +d/, and yjj tiu! prob- 
ability that it is equal to +/'<’. In like manner and 

represent the i*o.sj)ectivc probabilitie.s for the oeeiirrenee of 
errors equal to ~/l, — A/, and — /?. 

A curve of this type can bo constructed to correspond to any 
given scries of measurements, and in all cjises tiie relative loca- 
tion of the ordinates y^, y^, and y^ will be the same. It wa.s 
pointed out in tho last avticlo that the ordinates y^ and y-j; bisect 
the areas under tho two branches of the curve. (lonsecpumtly, 
in an extended series of mciisurcments, somewhat more than one- 
half of the errors will bo less tlian either the average or tlie mean 
error. Moreover, it, is obvious from Fig. 8 that an error eciual to 
E is somewhat more likely to occur than one equal to either A or M. 

Since each of the charaotcristic errors A, M, and E,- bears a 
constant relation to tlic preci.sion constant co, any one of them 
might bo used as a fne;istjrc of the prcci.sioti of a .single measure- 
ment in a given series, so far as this depends on accitlental errors. 
Tho probable error is more commonly employed for this puipo.so 
on account of its median position in the system of crroi's deter- 
mined hy the given measurements. 

It is interesting to oixservo tlwit tho ordinate //,\f corresfjonds to 
a point of inflection in the probability curve. 13y tlic ordinary 
method of the calculus we know that this curve has a point of 
inflection corrc.sponding to the abscissa that satisfies tho relation 




= 0 . 


Substituting the complete expression for y 

A* 

27rw®— — 1=0. 


^.11 


Hence, 



is the /abscissa of the point of inflection. Coinpanng this with 
equation (23) we see that 



and conscqu(uitly that the orclinLates ijm and ^cet the prob- 
ability curve at points of inflection. 

40. Characteristic Errors of the Arithmetical Mean* — Equa- 
tion (23) may be put in the form 

^ 2 'M^' 

wliere M is the mean error of a single moasuremant in a series 
corresponding to the unit error k and the procisiou coastaiit w. 
Consequently the prol)ability function, 

iw 

2/ = we 

corresponding to the same series may be put in the form 

y = , (i) 

If Ai, A2, . . * A;y are the accidental errors of N direct measure- 
ments in tlic same scries, the probability P that they all occur in 
a system cliaractcrized by tho mean error M is equal to tlio product 
of the probabilities for the occurrence of the individual errors in 
that systcjii. Ilenco, 

+ (ii) 

If tlio i/Klivkliml measurements are represented l>y «i, <22, 
. . . a, V i nnd the true numeric of tho measured (luautity is X, 

Ai ^ (i\ — X *f A2 “ O2 — * . * Ajv = djv ^ 

and, if x is tho arithmetical mean of tho measuroments, the corre- 
sponding residuals are 

ri - ai — x\ ra = a2 - x; ... ?// - — x. 

Consequently, if tho error of tlic arithinotical mean is 6, 

X — ic = 5, 
and 

Ai = n -- 5; A2 = ^ 5; ... A^v = rjv “* 5. 

Squaring and adding, 

[A^j ^[7^\^26[r]+m\ 

-[r^J+W, 


( 28 ) 



since [r\ is equal to xero in virtue of e([uation (l-l)) article tliirt}^- 
five. When this value of [A^] is .substiUitetl in (ii), tlie resulting 
value of P is the probability that tlio aritluuetieal uieaii is in 
error by an amount 5. For, as we have seen in article tliirty'(iv(^, 
the mininiuni value of [r-l occurs when x is taken ('(pial to th(! 
aritlinictieal mean. Consequently, P is a maximum when 5 is 
equal to >5oro anti decreases in accordance with tlu! j)r()])ubilily 
function as 3 increases cither positively or negatively. 

Wo do not know the exact value of either A" or 6; but, if ?/„ is 
tlic probability that the error of the arithmetical mean is equal 
to ail arbitrary magnitude 5, the foregoing reasoning leatl.s to Iluj 
relation 

fr5) H 

= (iii) 

But the arithmetical moan is equivalent to a single measurcinenl 
in a scries of much grcat(;r })reeision than that of tlie givcui uhni.s- 
uremoiits. ITence, if is llie precision constant eorn^spoiul- 
ing to this hypotlioticnl S(?ric*s and Af^ is tlio moan error of llie 
arithmetical mean, we have by analogy with (i) 



ya = 0>oC (jy) 

liquations (iii) and (iv) are two expressions for the same prol)- 
ability and slioutcl give equal values to ;/« whatever the assumed 
valiio of 3. This is possible only when 


and 

Wo = w''c 


1 N 

Hence, 

2 2 


If M 

Mo = 

vn 


Consequently, the mean error of the arithmetical moan is equal 
to the mean error of a .single measurement divided by the sqimro 
root of the number of mcasiiroments. 

Since the average, mean, and proliabic errors of a single moas- 
urcnicnt arc connected by the relations (26), the corresponding 



orrorri of the iiritli metical mean, (!istiiigiiislu*tl by the subscript 
a, arc given by tlie relations 



JJ 



( 20 ) 


41. Practical Computation of Characteristic* Errors. — As 
)iointecl out in article thirty-seven, the square of the mean error 

lA^l 

M is the limiting value of the ratio when both members 

become infinite, i.c., when all of the errors of the given S3^sten^ 
are considered. Rut tlic errors of tiie uctiml rncnsuremcnls fall 
into groups, as explained in article tliirty-three, and the errors in 
succeeding groups differ iji niagnitude by a coJistant amount k, 
d(»pciidiiig on tlu; natunj of the instruments used in making tho 
observation.s. Consequently, tlic ordinates, of the probability 
curve, corresponding to tlicsc errors arc unifonnb' di.stribiited 
along the horizontal axis. Htaice, if wo include in fA^] only tlm 
errors of tlie actual measurements, tlie limiting value of the ratio 
(Ad 

■“ wlicn A'' is indefinitely increased will hi) n(?nrly the sa)ne as if 

Iv 


all of tf^c errors of the system were included. Since Uie ratio 
approaches its limit very rapidly as N increases, tlio value of M 
can be determined, with sufTiciont i)rccision for mo.st practical 
purposes, from a somewhat limited series of moasuroiuents. 

If we knew the true accidental errors, the moan error could bo 
computed at once from tho relation 



and, since the residuals arc nearly equal to tho accidental errors 
when N is veiy large, an ap])roximatc value can bo obtained hy 
using the r^s in place of the A^s. A liett(M' api)roximatio!i can bo 
oi)taincd if we take account of the difference l)elwcon tlie 
and the r’s. From equation (28) 

[Ad = [rd + (vi) 

whor(j <5 is tho unknown error of the arithmetical menu. Prol)ahIy 
the best ajiproximation wo can ihako to the triu! value of 5 is to 
set it equal to tho mean error of tho arithmetical moan. Hence, 
from the second of eqiiation.s (20) 

- NMj = iif2 



M 


IXJVj 




and from (v) 


|A*] = M/*. 


Consequently, (vi) becomes 

A^lf' = (r-’i + 


and we linve 


M 


-J t"!- 

^\N~"r 


(30) 


Thus the square of llio mean error of a siii^fUi misisurmnent is 
equal to the sum of tlio tiquuvoa of tho ro.sidual.s divided by tlio 
number of measurements less one. 

Combining (30) with the tbinl of isiuiilions (20), arlielo Ibirly- 
nine, vve obtain tlm expresHiou 

7f = 0.07<l5\/^''l'^ (31) 


for ttic probable error of a siiiKle mcasiirciiieut. Ibnusi, by equa- 
tions (29), the mean crior j 1/., mid llm prolmble. (uror /f,, of llio 
aritbmctical mean are given by the relations 


M. 


V N(N- 1) 


uiul Aa 0.^)7 


'lb \/ 


fr^r 

N(N -if 


(32) 


When tho number of mcaHuromcuUs is llm <t<nn))\ilaUou 

of tho probable errors Ji! niul Ea by Iha nhf)vo formnlm in wmo- 
what tedious, owing to tho necossity of fijuliiig tlio' square of 
each of the icsicluals. In sueli opis(!H a HuflMdrutly eloso iii)i)r()X- 
iraalion for practical purposes can bi^ dorivcal from average 
error A with tho aid of equalions (20), lirst of tlioso equa- 
tions may bo writton in t!»o form 

N 2 m' 


If we assume that the dhstribiilion of the re.sifbinln i.s the namn as 
that of the true accidental errors, a eouditiem that in iiecitratcly 
fulfilled when N is very largo, we can put 


N 2 m 

Consequently, 

m _ [A? 

l,i] - -^rji- 


\Vl)cn the mean error M is expressed in terms of the A^s, equation 
(30) becomes 

m ^ ±iL 

N N-l' 

or _ 

ii^l = 

M N-l (rp 

Consequently 

M = i»-i^ 

N-^ NiN~iy 


and, since this ratio is equal to wo }>avo 


A = 


[f] 


VN{N- 1) 


and /la = 


Ir] 


nVn - 1 


(33) 


Combining this result with the second of equations (20) and the 
third of (29), we obtain 


E = 0,8453 - 


VN{N-1) 


0.8453 


[rl 


NVN - 1 


(34) 


The above formula) for computing the (jharaeteristic errors from 
the residuals have been derived on the assuin])tion that tlic true 
accidental errors and the residuals follow the same law of dis- 
tribution. Tliis is strictly true only when the number of measure- 
ments considered is very large. Yet, for lack of a better motlioci, 
it is customary to a])ply the foregoing fornuiUo to the discussion 
of the errors of limited series of measurements and tlio results 
tlius obtained arc sufTicicntly accurate for mo.st practical purposes. 
When tlio highest attainable precision is sought, the number of 
observations must be increased to sucli an extent that llio theo- 
retical cojiclitioiis arc fulfilled. 

The choice between the formula) involving the average error 
A and those depending on the mean error Af is determined largely 
by tlio number of measurements available and tlic amount of 
time that it is worth wiiilc to devote to the computations. When 
tlie number of measurements is very large, both sots of formulto 
lead to tlie same values for tho probable errors E and aiul 
much time is saved by employing those dei)eiuliiig on A, For 
limited series of observations a better approximation to tho true 
values of these errors is obtained by employing tlio fonnulcc in- 
volving the mean error. In either case the computation may bo 
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iiJiy ' 


1 , 't 1 


and from (v) 


(A^J = NM\ 


Consequently, (vi) becomes 

NM‘ - (rl + 

and we liavc 

M = 


V/: 


N - 1 


(30) 


Thus the square of tho mciin error of n Hinglo luensiiniment is 
equal to the sum of the squares of tlio residuals divided by (,1m 
number of incasurcmonts less one. 

Combining (30) with the third of e(|ual.U)ns (20), iirticlo thirty- 
nine, we obtain tl»o expression 

(,qi) 

for dm probable error of a single itieaHtuemeiit. Ileiicf!, I)y equa- 
tions (29), the mean error M„ and the probable error Ji, of tlio 
aritliinctical )ncan arc given by t)m n;)atioiis 

When the number of monNuromoiUs in Inr^o, Uio (.‘oniinUatiou 
of the probable errors IS aiul hit hy tho uhovu fuvmulin is some- 
what tedious, owing to Uic necessity of fiinUng tlm' sepmro of 
each of the vesitUuUs, In such cns(‘s ji suflicit'ully closo ai)i)vox- 
unntion for practical purposes can Ijf) (hu'ivofl from thf) average 
error A with the aul of equations (2(1). Thu first of tlicso ccpia- 
tions may be written in tlie form 

N 2iVs‘ 


If we assume that tl\c (tiBtril)ution of Urn n’shlunis is (;lin sumo as 
that of tlio true accidontnl cutovh, a condition llmt is accurately 
fulfilled when N is very largo, we can i)Ut 

j[rp 

N 2 W 


Consequently, 


[A*] [A? 

■pj ■(¥' 


Whc'H titc mean error 
(30) liceonu^s 


iiy is expressed in terms of tho A’s, equation 

[^)= •[?!, 

N N- l’ 


or 


lA'^l ^ N 
|i-] W-i 


E! 

\if 


Consoqucntly 

and, since this ratio is equal to A^, wo have 


m ■ NiN-iy 


A = 


['•] 


1?1 


and Aa = — — - 
NVN - I 


(33) 


V'N{N- 1) 

Combining this result with the second of equations (20) mul the 
third of (29), wo ol>tain 


E = 0.8453 : Ea = 0.8453 * 

VA^(iV^l)^ yVv/iV^l 


[^i 


(34) 


The above formulco for computing the (duinictoristic errors from 
the residuals have been derived on the assumption that the true 
accidental errors aiul the residuals follow the same law of dis- 
tribution. This is strictly true only when the number of measure- 
ments considered is very large. Yet, for lack of a better metliod, 
it is customary to a])])ly the foregoing formulco to tho discussion 
of Ibe errors of limited series of measurements ami tlio results 
thus obtained are suflicicntly accurate for most ])racUcal purposes. 
When the higlicst attainable precision is sought, the numl)er of 
ob.scrvations must be increased to such an extent that tho theo- 
retical concHtioiis are fulfilled. 

Tlio choice between the forinulcn involving tho average error 
A and those depending on the mean error M is determined largely 
by tlm number of measurements available and the amount of 
time that it is worth wliilc to devote to tlie coni])iitations. When 
the number of measurements is very large, both s(its of formuko 
lead to tlie same values for the ])robablc crror.s E and /?«, and 
much time is saved by employing those depending on /K h^or 
limited serins of observations a better approximation to the true 
values of these errors is obtaim^d by employing the formulco in- 
volving the mean error. In cither case the computation may bo 



56 


Ttivj L tiihULtl ur j\j nrjivj I [AUT. 


ffU^ilitiited by the use of Tables XIV and XV al the cud of this 
volume. These tables tlie values of lla; fuuciioiis 

^.0745 0T>7ir> ^ ^ _ 0.8453 ^ 

v~n^Y Vif(V-n' VwN-\) NVN--V 

corrosponcliiig to all integral value.s uf N bcawceu two aiul one 
iuuulvcd. 

42. Numerical Example. — The following ('Xainplcv, r(‘prosent- 
ing a series of obsc2*vaLions lala’ii fur Die purpose of ealihral.ing 
the screw of a mieroinetor inicroseope, will serv(! to illustnxte the 
pi-actical aj>p)ienlion of tlic foiTgoiug methods. Tw(*nty inde- 
pendent ineasurcinents uf ihc non mil disLarnx* ladavi'cn two 
])avallel lines, oxiwossccl In terms of Um divisions of Urn mi(!r<)inelnr 
head, are given in the fir.st and fourDi culumn.s of the following 
table under «. 


IHl 

r 

1 


r 



mM 

1 

0 2S0!) , 

101.3 

10 

O.OKtO 


HseeH 

0.0040 


-141.13 

O.OIIHI 


4*0.13 

O.OUiO 

10 1.0 

-0.17 

(».02S1I 

HqIhB 


wK^SH 

104.4 

•1-0 2:j 

11 .onai) 

HnCKH 


0.2200 1 

11)4.5 

44). 33 

0.1 OSO 


-0.07 

0 (UM\) 1 

UI 3 .S 

-0.37 1 

1 0.1300 


-0.27 

0 072(1 1 

103.0 

-0.27 

O.O720 


4-0.13 

0.0 KiO 1 

103.0 

-41.27 1 

0.0720 

HmKB 


o.omo ( 

104. S 

4*0.03 I 

i 0.30(10 

HmnH 

+o,2;{ 

o.or> 2 n i 

103.7 

-0.47 

0.2200 



1 

104J7 ' 

5.20 

(.3420 



1 

1 X 

[d 1 

tdl_ , 


Since the observations are independc'iil and ispudly trust- 
worthy, the most probable value that m*. can assign to tlu^ mimeric 
of the incasured magnitude is th(^ iiritlmudiruil nuain X] and we 
find tliat a* is equal to 194 J7 nnerooader divisions. Hul/traeiing 
194.17 from cacti of the given oiisorvaliuns wo obtain thi^ n'sidnuls 
in the columns under r. Tlie algt'braie sum of tla^sr? ri'siduals is 
equal to zero as it should ho, owing to Iho i^roportic’s of Liio arith- 
metical mean. Tlio sum without rogard to sign, [?‘], is o(junl to 
5.20. Squaring each of the msldiial.s gives tli(‘ mmibcMs hi the 
columns under and arlding tlie.se lignn's gives 1.8020 for the 
sum of the squares of Llio re.sidiial [r^]. 

Taking equal to twenty, in fonmiirc (33) and (34), wo find 
the average and probable errors 









A = - = rt 0.207; /1„ = T, 

VN(N-I) W \/jV - j 


= J-. 0.0506, 


B = 0.8453-^JL=^- - ±0.220; J?. = 0.8453 •= ±0.0504, 

VjY(N~1) ^VN-1 


whore tlio luniicrical results are written with the iiulc finite sign dr 
5?inoe llio eorrespoiulizig errors are as likely to be positive ns nega- 
tive. 

When forniuhe (30), (31), and (32) are employed we obtain tlio 
mean errors, 

^ - '/ A ‘=^0.311; ,V. -Vj, (iij’Lij - ± OMOO. 


and the ])roba])le errors 

IS = 0.6745 \/jJ^ j = ± 0.210; 

Ji'„ = 0.6745 \J ± 


^J'lie values of the prol)a1)lc errors E and /?«, computed by tl\o 
two methods, agiee as closely as could be expeseted witli so small 
a number of observations. Probably the values d: 0.210 and 
it 0.047, computed from the mean errors M and arc llic more 
accurate, but tho.se derived from the average enxjrs A and At, are 
sufficiently exact for most practical purposes, An inspection of 
the column of residuals is suflicicnt to show that oleven of Uiein 
are numerically gnviter, and nine arc nu?noric/i.lJy loss t)m?i either 
of the com])uted values of /?. Coiisoqiumtly, botl^ of these valiU’s 
fulfill the fundamental definition of the probable error of a single 
moasurnnent n$ nearl}' as we ouglit to expect wljcn only twont}^ 
observations arc considered. 

If wo use D to reprc'scnt the measured distance botweem ilie 
])arallel lines, in terms of micrometer divisions, wo may WJ'ite 
th(^ final result of the incasurcments in the form 

D - 194.170 di 0.047 inic. div. 

This does not m(»an that the true value of /) lies between the 
specified limits, but that it is equally likely to lie between these 
limits or outside of them. Thus, if another and independent 
scries of twenty measurements of the fsamc distauec were made 



with tlic siune iiistruineiit, and wiUi oquiii cavo, iiu; ciianoo ihai 
the; final result would lie liotwcen iy‘l.l23 and 1!)1.217 is e<|Uid to 
the chimce that it would Ho outside of these limits. 

Equation (25), article thirty-eight, may ho written in tlio form 

.-w 0.'I7(i9 

= ~~jr' 


Talcing E wiunl to 0.210, we find that 


Vwy = 2.271 

K 


for the particular system of errors dotcM-minod by tlio ahovo jnoas- 
urements. Consc(iuenily, Uic prolmbilily for llu^ oi^curnsujo of au 
error less than A iu this system is, by equation (13), articlo thirty- 
three, 





2.271. A 


and, since there arc twenty measuroinents, wn shouhl oxjioet to 
lind 20 errors nmnevically less thnu any assip;neU vaUu'. of A, 

The values of corro-spondin^ to various assip;n(al values of 
A, can be easily computed with tlie aid of Tables XI iiwd a])plie(l, 
as ojqrlaincd in articlo thirty-four, to compun! tlu^ tlu'orcdacid 
distribution of tl»c accidental errors with that of the n^siduals 
given under r in tl\o above tal)lc. Such a eomimrison would Inivo 
very little significance in the present ease, liowcwc'r it resulted, 
since the nuinbor of observations con-siderod is far too siuall to 
fulfill the thcorcticril requirements, 3?ul it would show that, 
even in such oxtreme eases, the deviations from the law of errors 
are not greater than might l)e ox])cctcd. Tln^ netual (^oni])ariHoii 
is left as au exercise for tho student. 

43. Rules for the Use of Significant Figures. — The funda- 
mental principles underlying the use of significant ligun's were 
explained in article fifteen. General riilos for their ])raeli( al a])- 
])lication may be stated in terms of tlio prohablo owav as follows: 

All measured quantities should bo so exprcssial that tlio last 
recorded significant figure occu])ies the place corr(\s])omling to Uio 
second significant figure in the i)robal)lo error of tlio ciuantity 
considered. 

The number of significant figures carried througii the compu- 



tations sliould be siifBoienl lo give the final result within one unit 
in the last Vilace retained and no more. 

For ])raetical purposes probable errors should be computed to 
two significant figures. 

'riie example given in the preceding article will serve to illus- 
trate the application of these rules. 7'he second significant figure 
in the probable error of the arithmetical moan occupies the third 
decimal ])Iaec. Consequently, the final result is earned to three 
decimal i^laces, notwithst^anding the fact llmt tlie last place is 
occupied by a zero. It would obviously bo useless to carry out 
the result farther than this, since the probable error sliows that 
the digit in the second decimal place is equally likely to bo in 
eiTor ])y more or less than five units. If less significant figures 
were used, the fifth figure in computed results might l)c vitiated 
by more than one unit. 

In order to apply the rules to tlie individual measurements, it 
is necessary to make a preliminary scries of obscjrvations, under 
as nearly as possible the same conditions that will prevail during 
the final measurements, and compute the probable error of a 
single observation from the data tlius olilaincd. Then, if i^ossible, 
all final measurements sliould be recorded to the second significant 
figure in this pj'obabJe error and no fiirtlier. It sometimes linppcns, 
as ill the above example, that tlie graduation of the measuring 
instriuncnts used is not suineiently fine to perinil the attainment 
of the number of significant figures required l)y the rule. In such 
eases tlie observations are recorded to the last attainalilo figure, 
or, if possible, the instruments are so modified that they give 
the required number of figures. Thus, in the cxam])lo cited, tho 
second significant figure in the probable error of a single measure- 
ment Is in the second decimal ])laco, but tlio micrometer oan 
be read only to one-tonth of a division. Hence the individual 
measurements arc recorded to the first instead of the second 
decimal place. In this ease the accuracy attained in making tho 
settings of the instrument was greater than that attained in 
mnJdiig the readings, and /in o);servcr, ndth sufficient experience, 
would be justified in estimating the fractional parts to Urn nearest 
hundredth of a division. A better plan would i)e to provide tho 
micrometer head with a vernier reading to tenths or hundredths of 
a division. In the oipiositc case, when tho accuracy of sotting is 
less than the attainable accuracy of reading, it is useless to record 



tIUi readings ncyoiui Hie scaum m^uuujuui. hkhh: m um; iMUDilDlc 
error of a single ohscrvaliou. 

Kor the purpose of coniputing the residuals, the aritlinu'tical 
mean siioiild be rounded to such an oxlonl that the majority of 
the residuals will come out with two significant figures. 'Phis 
greatly reduces llic laiior of the eompiitation.s and gives Uk; cnlcu- 
lated characteristic errors within one unit in the secoml .significant 
figure. 



CHAPTER VI. 


MEASUREMENTS OF UNEQUAL PRECISION. 


44. Weights of Measurements. — In the prec(jding chapter 
wc have been dealing with incasuremoiits of equal precision, and 
tlio n'sults obtained have been derived on the sup])OSition tluit 
there was no reason to assume that any one of the obsorvtitions 
was better tlian any other. Under these conditions wo have 
seen that the most probalde value that wc can assign to tiuj 
numeric of the measured magnitude is the nrithmetieal mean of 
the individual observations. Also, if M and are the mean and 
l)robal)le (U'rors of a single observation, Ufa and tlie mean and 
probable errors of tlie arithmetical mvnu, and N Uie /mniber of 
oijservations, wc have the relations 


A’ = O.mr) il/; = 0.0745 iV., 





E 


_ ilp ^ ^ 
E/ 


(36) 


Tlic true numericj X of the tneasured magnitudo cannot be 
exactly detenninod from the given observations, but the final 
re>sult of tlie measurements may 1)0 expressed in tlie form 

X^x^JzEa, 


which signifies that X is as likely to lie bcitweeu tho specified 
limits as outside of them. 

Now su])posc: that the results of w iiiclcpcndeut seric.s of nieas- 
unanents of the same magnitude, made by the same or tlifforeut 
mctliods, are given in the form 

A' = .r, ± Ai, 

X — X2 dz E^j 


X = X,„ zh Err,^ 
01 



What is the most probable value that cau Ire ussigued to A' on 
the basis of these results? Obviously, the arithmetical ineiin of the 
x's will not do in tins ease, unless the A”s are all equal, since tiio 
I's violate the condition on wliieh tlie principle of the arithmetical 
mean is founded. If we knew tlic individual observations from 
which each of lire a:’s were derived, and if tlio probable error of 
a single observation was the same in each of tlio series, the most 
probable value of X would be given by the arithmetical moan of 
all of the individual observations. Generally we do not have tlio 
original ohservatioms, and, when we do, it frequontly happens that 
the probable error of a single observation is dilforeiit in the differ- 
ent scries. Consequently the direct mctliod is seldom apiilicablc. 

The E's may differ on aceoiml of differences in the mnnber of 
observations in the several series, or from the fact that the prob- 
able error of a single observation is not the same in all of them, or 
from both of those causc.s. Wliatovcr the cause of the differeneo, 
it is generally necessary to rciluco tlio given rasults to a series of 
equivalent observations liaving tlio same probable error before 
taking the mean. For it is obvious that a result sliowiug a .small 
probable error should count for more, or havo greater weight, 
in determining the value of X tlian one- that corresponds to a 
large probable error, since the former result has cost more in timo 
and labor Llian the latter. 

The reduction to equivalent observations having tiic same 
probable error is accoinjilishcd os follows: w numerical quanti- 
ties Wi, w%, . . . Wm, called tlic weighUs of the quantities .-Ci, Xi, 

. . , Xm, arc dotcrinined liy the rointions 


Wi 





(30) 


wliero E, is an arbitrary quantity, generally so cho.sen that all 
of the w’s are integers, or may be placed equal to tlio nearest 
integer without involving an error of more than one or two units' 
in the second significant figure of nay of the E’s. In the following 
pages Ea will bo called the probable orror of a standard observa- 
tion. Obviously, the weight of a standard olxscrvation is unity 
on the arbitrary scale adojitcd in determining, tlic w’s; for, by 
equations (36), 



Such an observation is not assumed to have occurred in any of 
the series on which the x's depend, but ia arbitrarily chosen as a 
basis for the computation of the weights of the givtm results. 

By comj)aring equations (35) and (3d), we see that JSi is equal 
to the probablci error of the arithmetical mean of Wi standard 
observations. But it is also the probable error of tiio given 
result X\. Consequently Xi is equivalent to the arithmetical 
mean of toi standard observations. Similar reasoning can be 
applied to the other and in general wo have 

Xi - mcim of stn)ulard ob.stTvati on.s, 

.^2 = incain of 102 standard observations, 

0 ) 

am = mean of standard observations. 

Tho weiglits , lOm «rc numbers that cxqjrcss the rela- 

tive importance of the given mcasurenujnts for the doterm illation 
of tlie most j)robable value of the numeric of tho monsured jniig- 
nitude. Each weight roin’cscnts the number of hypothetical 
standard observations that must be combined to give an arith- 
metical mean with a probable error equal to that of tho given 
measurement. 

45. The General Mean* — From equations (i) it is obvious 
that 

= the sum of lOi standard observations, 

^^2.^2 = tho sum of W2 standard ol)scrvations, 


— tho sum of lOrn standard observations, 
and, consequently, 

+ WiXi + » . . 4* WniXta 

is equal to the sum of ivi + ^^2 + . . . + Wm standard ob.scrva- 
tions. Since tho probable error E, is common to all of tlio 
standard observations, they arc equally trustworthy and their 
arithmetical mean is tho most iirobablc value that we can as.sign 
to the numeric X on tho basis of tho given data. Representing 
this valuo of Xq wo linvo 


WxXi + W2X2 + — * + W,nXu, 
lOi + 102 + •• • + W,n 


(37) 


The products wixu etc., are called weighted observations or meas- 



m-(imetits, mul .ro is (sailed Lho general or weighted mean. The 
weight Wo of a-» is ohviouslj' given by the relation 

twu - i«i + Wo + • • • + w„„ ( 38 ^ 


shice .To is the mean of w# stniulard observations. 

Kciuation (37) for the general nuaiu ean be established inde- 
pendently from the law of accidental errors in the following 'nanner: 
Let wi, w-i, . . . bJm represemt the precision constants eorr(;s|)ond- 
ing to the ])iohnl)lo errors li\, /?•,••• and let w, be an 
arbitrary quantity connected with the arbitrary qnaiitity E, by 
the relation 

E, = 0 . 2 m - • 


l)y aquations (25) and (30), 


0)^ 


wi ^ 


W-2 — 


2> 


W,u - 




(39) 


If a:o is tho most probal)l(i valun of the mnnerie X, tluj residuals 
corresponding to tlu; giv(;a are 

Ti ^ T2 " X'i ? Hi ^ “* .'To, 


The probability that tho true accidental error of Xi is efiiml to ri 
is 

yi=^o>io 


~ir 

= COiC 


ki 


iyir,« 


in virtue of equations (39). Similarly, if yi, 2 / 2 , * * . 2/m are the 
IKobfibilitics that vu >‘ 2 , . . . are tlie true aceidontai errors of 

X]j X2t . . ♦ 


2/2 — WnC ^ j 


2/m 



Hence, if P is the probability that all of tho r*.s arc simultaneously 
equal to true accidental error.s, we have 


P — (wi • 6)2 


V • . . 'l-UVm*) 

e 


and the most, probaidc value of X is tlmt which renders P a 
maximum. Obviou.sly, the maximum value of P occurs when 



{wii x- WiVi- . . . + isa iiiiniiiiiim. Consequently tlie 

most probable value xo is given by tlie rclntioii 

~ ^- • • • + w„rj) = 0. 

UXq 


Substituting tile values of tlie r’s and diffcraitiiLting tliis ):ieeomc3 
Wi (Xi — Xo) + Wi (X 2 - Xo) + • * ' (x,„ — Xq) = 0 . 


Hence, 


Xq ^ 


+ V}2X 2 + * ’ » 4- 

+ • * * + 


as given above. 

If we multi|)ly or divide the numerator and denominator of 
c(iuation (37) by any integral or fractional constant, the valuo 
of Xo is ‘Unaltered. Hence, from (3(5), it is obvious that we are at 
liberty to choose any convenient value for i?,, whether ov not it 
gives integral values to tlie «y’s. Equations (3(5) also show thfit 
tlie weights of measurements are inversely proportional to tho 
squares of their ])rohable errors and consequently we may lake 


W2 - 


E2^ ^ 


XOz 







m 


Hence, if we choose, wc can assign any arl)itrar 3 ^ weight to one of 
the giv(‘ii moasuronienls and compute the wcigtits of the others 
by equation (40). 

The foregoing methods for computing tho weights lui, lao, etc., 
are a])plical)le only when the given measurements Xi, X 2 , etc., arc 
entirely free from constant errors and mistakes. When ihia 
condition is not fulfilled the mctliod Ineaks down because tho 
errors of the .x's do not follow tho law of accidental errors. In 
such cases it is sometimes jiossible to assign wihghts to the given 
measurements by combining the given probable errors with an 
estimate of the pi’obable value of the consfant errors, ba>sed on a 
thorough study of the methods by which the x’s were obtained. 
Such a inoccduro is alway.s more or less arliitrary, and requires 
great care and experience, bnt when ])ropcriy applied it loads to a 
closer approximation to the true luimerio of tho measured magni- 
tude than would be obtained by taking tlie simple arithmetical 
mean of the x’s. Since it involves a knowledge of the laws of 
pro))agatioii of errors and of tlie methods for c.sliniating the pro- 



cision attained in roinovuig consumu lu uan- 

iiot be fully (tcveloi)e(l until wo lako up tho study of tho under- 
lying principles. 

46 . Probable Error of the General Mean. — When the given 
I’sare free from constant enws and the A’’s are known, tho woigbts 
of the iiKlividual tnoiusuronumts arc given by (3()), mid the weiglit 
xoo of the general menu is given l)y (38). ("on.scKiuoiitly, if lie Is 
the probable error of the goncrnl inonn, we have by analogy with 


equations (3(5) 



and 



(41) 


If we choose, Jit may bo expressod in terms of any one of the K's 
in place of Tims, let /t'« and w„ bo tho prolmblo error and 
the weiglit of any one of the x’a, thou liy (3(5) 



Jj- 


and eliminating Ji, botweeu this equation and ('ll) wo havo 


When tho weights arc nssignocl by thn iuoUkkI outliiuKl in tlie 
lost paragraph of tho procoding articih?, or wluin, for any roii.son, 
the arc given but not the W'a, (d l.) ami (42) (jannot h(^ api)liotl 
until E 4 or En 1ms boon dcrivocl from tho given and -m's. If 
the number of given mcasuvomeuls 5« large, the valuta of Wa corre- 
sponding to the given woigliU cun bo eoinpuUHl wilh sufficioat 
precision by the appli cation of Urn law of tUTov*s aa ovitliuod below. 
If the mmibor of given moasuromcuU in small, or if (jonslant 
errors and mistakes havo not beam cons’Klnrod in assigning tho 
weights, the following method gives only a rough /ii)i)r()xiniaiion 
to tho true value of 7?^, and conseqmmtly of liny sine(^ tho eondi- 
tious underlying the law of errors are not strictly fidfilh'd, It will 
bo readily seen that while JSg may bo arbitrarily assiguod for the 
purpose of computing tho weights, winm tho ar(» givtsi, its 
value is fixed when tlio weights ar(^ giv(m. 

Let Xi, X 2 t , . . x,n represent tho given inoasuremojits and 
v)u Wiy , . . Wmt the corresponding weigh Is, Tlion, if to, repro- 


i 

i 

i 


scnts tho precision constant of a standard observation, and wi 
that of an observation of weiglit lOi, we have by (39) 

Wi = —] 0 ) 1 ^=^ Wi(x)e^. 

O)/ 

Consequently, if is tho probability that the error of Xi is equal 
to A, 

and, by equation (11), article thirty-throo, tho probability that 
tile error of Xi lies between the Limits A and A + dA is 

" /c 


Now, “W^iA^ is the Weighted square of tho error A, and in the follow- 
ing ])ages the product V^A will be called a wcight(Hl error. Hence, 
if we put 6 — ViojA, and dS - Vioj dA, we liave for the probability 
that the weighted error of Xi lies between the limits 3 and d + dd 


iSince the same result would have been obtained if wc had started 
with any other one of tho x*s and it is obvious that this equa- 
tion expresses tho probability that any one of the x% chosen at 
random, is affected by a weighted error lying between the limitH 
6 and 5 + dd. l^ut, if nj is tlic number of a*^s nlTccted by weighted 
errors lying between these limits, and vi is tho total number of 
a;*s, wc liave also 

-m’ 

or 


a+(/a 

nj = . 


H(mcc, the sum of the squares of the weighted errors lying between 
6 and 3 + d5 is given by the relation 

/v 



jiiicl, by the inclliod 
we have 


ailoptetl in ni-tiele.s tliirl.y-six and Uiirty-seven, 
m Ic Jo 


2 FWa" 


wiiere [5^] supposed to include all possible \V(Mghi.od erroi's 
between tbe limits plus ami minus infinity. Introducing the 
values of the 5's in terms of tluj lo'i^ and Ats this laicjonujs 

d“ '102^^2^ + • * ‘ 'I' _ h^A‘| 

2W 


which is an exact equation only wli(*ii iUv. nuiniHu* of measure** 
incuts considered is pvaclically infinite. 

If Mi is the moan error of a standard obsc'rvation, \vc have from 
equation (23) 

'''• V 2 TTOJ.^ V ill 

I[cnoc), from equation (20) 

A’. = (),07‘ir)\/!''’'^“l 
> m. 


Now, we do not know the trne valium of Ibo A\s and th(^ nnniV)er of 
given measurements is seldom suflieumUy large to fulfill the con- 
ditions underlying this equation. Hut w(! can eoinputo tile gen- 
eral mean Xo and the re.siduals 

ri — .1^1 “■ .Toj ^2 ^ X2 ”* a*o^ . • > Tin ~ .'Toj 

and, by a method exactly analogous to that of artieh! forty-one, 
it can be shown that the best approximation that we can make is 
given by the rclatiou 

[laA^ ^ 

7n in — I 

Hence, as a ])racticablc formula for com]>uliiig wo have 

7^, = 0.0745 (^3) 

and consequently 7?o is Riven l)y the relation 

/!l„ = 0.0745 

in virtue of equation (41). 


v/’.J*''.'!. . 

V Wo (m — 1 ) ’ 


f ^ 


( 44 ) 



inci mistakes, llui number ot measurcnieiits considered is 
joldom sufficient to give exact agreement, lait a largo difl'eroiice 
jetween the assigned and computed vuliujs of is strong evidence 
diat constant (urors have not been reinovc*d with sufficient pro- 
jision. On the othci* hand, satisfactoiy agrcenient may occur 
ivhen all of the :i;*s arc affected by the same constant error. Con- 
sequently such agreement is not a criterion for the absence of 
:onstaut errors, but only for their equality in the different ineas- 
jrements. 

47 * Numerical Example. — As an illustration of the applica- 
Lion of tlie foregoing principles, consider the micrometer measurc- 
nents given under x in the following table. They represent the 
results of six series of mcasxnvmonis similar to tliat discussed in 
article forty-two, the last one being taken directly from that 
ivticlc. The probable errors, conqiutcd os in article forty-two, 
iro given under 7J. They differ partly on account of diflerences 
u the number of ob.servations in the several scries, and partly 
Torn tlic fact that the individual obsoiwations were not of tho 
same precision in all of tho scries. The squares of tho probable 
errors multiplied by 10^ arc given under & X 10^ to the nearest 
:ligit in the last ])lacc retained. It would be useless to carry them 
3Ul further as tlio weights are to be computed to only two signiG- 
mut figures. 



imi 


Ul 

to 


O.OGO 


11 

0.000 


0.12 


3 

0.127 


0 ODl 

83 

0 

0.000 

193.85 

0.11 

121 

4 

0.110 

10-1.22 

0.099 

08 

5 

0.008 

104.17 

0.047 

22 

22 

0.047 


Taking equal to 0.22 gives Ea^ X 10* equal to 484, and by 
xpplying equation (36), wc obtain tlic weights given under w to 
.ho nearest integer. Inverting tlie process and computing the 






Fj’fi from the assigned to a ami ri. kivc.-, imi luiuuior.s in the lest 
column of the table. Since tlmso mitnl)er.s agti'c with tlio given 
E’& within fess than two miils in tlio .seeoml signilinant rigure, wo 
may assume that the approximiitioii mloiiLeil in eoinpnLing the 
w’s is justified. If the agrannent was less exiiet ami any of the 
differcnucs exceeded two units in tlm sceoml .Hignilieiint figure, it 
would bo necessary to compute llio to’n further, or, better, to adopt 
a different value for E„ such Unit tho agreement would bo huITi- 
cient with integral values of tho w‘h. 

For the purposo of computation, equation (li7) may iie written 
in the form 

_ r* X wi (•‘^-’1 ~ f " ) ~l~ r^' * "f" C) 

^ wi -I' iwa H I- II', „ ' 

where C is any conveniont number, fii tlin pre-sent ease 103 ig 
chosen, and the inoducls w (x — lOit) are given in (he finst eoluinn 
of tho following tablo. 


It. (t - m) 

r 

p X m* 

Hjt X U)* 

11.33 

^0.(WW 

42 


2.37 


m 

■271HI 

0.90 

-1-0.055 

30 

ISO 

3. -10 

-- 0.245 

000 

2 Kin 

0.10 

-1-0.125 

150 1 

7S0 

25.74 

H-0.075 

50 

1232 

66.84 


1 

7S44 


Substitution in the above eiiuution for tlin general mean gives 

fi.') H'l 

a:o« 103 10 -l.()i)r., 

i) I 

and this is tho most probable value that we eau assign b tho 
numeric of tho mensnrixl niagnitudo on llie liitsin of tlio given 
moasuromonts. 

By equation (38) tho weight, Wo, of tho gimeral mean is Cl, 
Honco equation ('ll) gives 

E'o <=> ra rb 0.03 ( 

Vci 

for tho probable error of r*. Seleeting the first meiwnroment 








nee its weiglit correspoiuls exactly to its probable error, equa- 
oa (42) gives _ 

7i’o = O.OGOv/ii =±0.031. 

V 51 

■ the second, third, or fifth measurement had I)ccn chosen, tho 
isults derived by the two formula) would not have been exactly 
like; but the difTercnces would amount topnly a few units in tho 
)cond significant figure, and consccjucntly would be of no jDrac- 
cal importance* However, it is better to proceed as above and 
‘Icct a measurement whoso weight corresponds exactly with its 
robablc error as shown by tho fifth column of tho first tal)lo 
bovc. 

The residuals, computed by subtracting xq from each of tho 
fven mcasurcmejits, are given under r in the second table; aiul 
leir squares multiplied by 10* arc given, to the nearest digit in 
le last place retained, under X 10*. The last colinnn of tho 
ible gives the weighted squares of the residuals multiplied by 
3*. Tlio sum, is equal to 0.784. Hence by equation (43) 

B, = 0.G745 = ± 0.27, 

id by equation (44) 

A’o = 0.0745 =±0.037. 

V 51 X 5 

hese results agree with tlie assumed value of and tho pro- 
iously computed value of Eq as well as could be oxi)cctcd when 
> small a number of measurements are considered. Consc- 
lently wo are justified in assuming that the given measurements 
'c either free from constant mors or all affected liy tlic samo 
)nstant error. 

In practice tlie second method of conumting Eq is seldom xisecl 
hen the ])robabIo crror.s of tho given nKJasiircmcnts ar(j known, 
nco its value as an indication of tho absence of constant errors 
not sufficient to warrant the labor involved. When tho prob- 
)Ie errors of the given measurements are not known it is tho 
ily available method for eom])uting Eq and it is carried out hero 
r tho sake of illustration. 


CHAPTER VII. 

THE METHOD OF LEAST SQUARES. 

48. Fundamental Principles. — Let A'l, A'^, . . . A'',,, «ncJ I',, 
Yi, . . . Yn ropro-sciit tlio true miinerics ol' a mimixu' of quan- 
tities oxjircsscd in Lorni.s of a clioscu systinu of units. Sui)poso 
that the quantities represented by tins I-^’s liave been directly 
measured and that wo wish to determine tlio remaining quantities 
indirectly witli the aid of the given relations 

F, = I‘'i{XuX„ . . . A%), 

Y2 = FiiXi.X,, . . . A%), 

K = /'’n(A\X2, . . , A',). 

The functions Fi, Ft, .. . F„ /nay be aliko or di/lerrsit iu form 
and any one of them may or may not contain all of the A’'’s, but 
the exact form of each of them is .supiwsed to be known. 

If the F’swcro known and the mmdxu' of ecpiations w('r(> equal 
to tlio number of unknowns, thn A’''h could be derived at onco 
by ordinary algebraic methods. The fir.st coiulitiun is lUivor ful- 
filled since direct moasuromenls uovor give the true value of the 
numeric of the measured quantity. Let .sq, .sq, . . . .s,, represent 
the most probable values that can bo itssigiu'd to the F’s on the 
basis of tho given mensuromonts. If tlic.sn values nro substituted 
for the F's in (45), tho equations will not be exactly fnirdlod and 
consequently tho true value of the A’^'s cannot bo determined. Tho 
diffcroncos 

FdXuX,, . . . A,)-.s, = A„ 

F2(A„Ao, . . . A,) - .sq= A2, 

F„ (A„ As,' . . A,) - .s,.'= A„ 

ropresont the true accidental orroas of tho .x’s. 

T,ct .ti, Xi, . . . ,r, represent tho most proiiable values that wo 
can assign to the A’s on tho basis of tho given data. Then, since 
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iHi s’s bear a similar relation to the equations ( 45 ) may bo 
.nitteii in the form 


(Xi, x-A, . . . x^) = A-i, 

2 X2) . ♦ . ^f/) ~ ‘*»2j 

C^l> • • « Xq) = &‘nf 


( 47 ) 


4 icrc tlio functions F2, etc., have exactly tlio same form as 
cforc^. Wiien the number of s’s is equal to tlic number of x*s, 
Ih^sc equations give an immediate solution of our inoblem by 
rdiiiary algeljraic mothocls; but in sucli cases we have no data 
3r determining tlie precision with which the computed results 
ijprcscnt the true numerics X|, A%, etc. 

G(merally the number of is far in excess of the iuntd)or of 
nknowns and no s^^stem of values can bo assigned to the a:^s 
liat will cxactlj^ satisfy all of the equations ( 47 ). If any assumed 
allies of the x*s arc substituted in ( 47 ), tlio differences 

Fi (xuX2j . . . Xq) - 6-1 = ri, 

. ..x,)~s, = r,, 

(“T 1 1 ■ * • Xq') »Sk = ?*,i 


^present the residuals corresponding to the given s’a. Obviously, 
1C most probaI)le values that we can assign to the x*s will be 
lose tliat give a maximum probal)ility that these residuals are 
^ual to the true accidental errors Ai, A 2, etc. 

If the are all of the same weiglit, the A's all correspond to 
1C same precision constant w. Consequently, us in article thirty- 
vc, the probability tliat tlic A^s arc equal to the is 

„ ... +mn 


ncl this is a maximum when 

+ ^^2^ + • • • + — [r^] - a 1^11111011111. ( 49 ) 

fence, as in direct measurements, the most probable values that 
0 can assign to the desired nuinorics arc those that render the 
im of the squarc.s of the residuals a minimum. For this reason 
le process of solution is called tho metliod of least squares. 


CHAPTER VII. 

THE METHOD OF LEAST SQUARES. 


48. Fundamental Principles. — Let. A",, X 2 , . . . X,„ and 
Yi, . . . Tn reprosont the true miiii('ri(!s of a miiulau* of (inan- 
tities oxi^rcssed in tanns of a chosen .sy.slcm of units. Sup])ose 
that the quantities ropresontcrl |jy tlio l'’s liavo Ixasi directly 
mc.asurccl and that wo wish to detormiiui tlui roninining qimntilics 
indirectly with the nid of tho given relations 

Y, = 1<\(XuX2, . . . A\), 

Ta ==/'’» (An As, . . . A,), 

(do) 

h. = (An As, . . . A„). 

Tho functions Fi, Fj, . . . F„ may ho alikt! or dilfmaiiit in form 
and any one of them may or may not contain all of the A’s, hut 
tho exact form of caoh of them is supiioscal to la? known. 

If the K'swero known and tho mnnlaa’ of (siuations were equal 
to tho number of unknowns, the A^’s could he iierivcHl nt once 
by ordinary algebraic mothods. 'I’lio first condition is nevor ful- 
filled since direct measurements never give the true value of tho 
numeric of tho measured rpmntity. Let «i, .S2, . . , .s„ reiriuscnt 
the most probable values that eau be assigned to the F’a on the 
basis of tho given moasurcmenls. If these values are sulistituled 
for tho F’s in (45), tho equations will not he cxaetly fulfilled ami 
consequently the trno value of the A’s cannot he delormined. The 
differences 

F,(Ai,A 2, . . . A,)-«,- A,, 

FAXuX,, . . . A,) ~.s-3-A.„ 

/''n(A„A2, . . A%) - .s„ - A.. 

represent the true accidonta! errors of the .v's. 

LGt.i:i, xi, . . . a-, ropre-seut the most )nc)lmhh^ valiU's tlmt wo 
can assign to tho A’s on tho basis of tho given data. Then, siaco 
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be btJMr a Hiiiiilai* rebitloii to tho y^s, uquationa (45) may bo 
k^ritteu in tlie form 


^ I (•‘Tl, ^'2j . » . •'Cr?) — 

F2 (.ri, .I’o, . . . Xq) = .Sa, 

^ n C^l; ■*^2j • • • ~ *^n) 

/here the functions Fi, A’ 2 , etc., have exactly the same form as 
►eforci. When the num))er of s’s is equal to the iiunibcv of a;'s, 
hesc (equations give an immediate solution of our problem ijy 
rdinary algebraic methods; but in such eases we have no data 
determining the precision with winch the coinputod results 
epresent the true numerics .Yi, -Y 2 , etc. 

Generally the number of ts’s is far in excess of the number of 
inknowns and no system of values can bo assigned to the x^s 
hat will (exactly satisfy all of the equations (47). If any assumed 
^alucs of the x's arc substituted in (47), the cliffenmecs 


f'\ (.Xy 

1 • ' 

, . H\ I'l, 

A’s (x’l 

,X2, . 

. . X^) 53 = ?*'i, 

F.. (.T, 

i *^2, • 

• * 


(48) 


epreseut tlie residuals corresponding to the given Obviously, 
he most probable values that we can assign to the x*s> will be 
hose that give a maximum probability that these residuals are 
qual to the true accidental errors Ai, Ao, etc. 

If the s’s are all of the same weight, the Ats all correspond to 
he same precision ooiistaiit w. Consecpumtly, as iu article tliirty- 
ivc, the probability that the A^s arc equal to the r’s is 

. +rn») 

o”e ^ 


nd tills is a niaxiniuin when 

ri^ + r 2 ^ + . . . + = [r-] = a minimum. (49) 

Icncc, as in dinxit measurements, the most proljablo values that 
re can assign to the desired numerics are those that render the 
um of the squares of the residuals a minimum. For this reason 
he prociess of solution is called the method of least squares. 


Since the r’s are ftmeliona of the q nnifnown quantities x,, 
etc., llio conditions for a ininiinuin in (4U) are 

I;''’'*"’ sr,''''!-"’ <“) 

provided tlic x'a are entirely independent in tlic inatlicmatical 
sense, i.o., tliey arc not required to fuiliil any rigorous mathe- 
matical relation such !is that which connects the three anghis of 
a triangle. The equations (47) arc not such conditions since the 
functions I'\, Fi, etc., represent measured magnitudes and may 
lake any value depending on the particular values of the .r’s that 
obtain at the time of the incasiiroments. When Uic r’s are re- 
placed by the eqiiivaJent expressions in terms of the .r’s and s’s as 
given in (48), the conditions (50) give q, and only q, equations 
from which tins .r’s may be uniquely determined. 

If the weights of the s’s arc different, the A’s correspond to 
different precision constants wj, W 2 , . . . , w„ given by the rela- 
tions __ 

Wl = W* ’VlCij ~ • • • ^1* ~ 

where u, is the precision constant corresponding to a standard 
measurement, i.c., a measurement of weight imity; atul Wi, w^, 
. . . , arc the weights of the s’s. Under those conditions, as 
in article forty-five, the most i)robahIc values of the .r’s are thoso 
that render the .sum of the weighted sqiiaros of the rosidiuils a 
minimum. Thus, in tho ease of mcasuromcnls of tmccptul weight, 
the condition (49) becomes 

1- toin^ -!-••• +«>«»•„* = [ler*] == a minimum, (51) 
and conditions (50) ))ocomo 

...jf-M-O. (52) 

49 . Observation Equations. — The equations (60) or (62) cau 
always be solved when all of the functions Fu F 2 , • * . Fn are 
linear in fonn. Many problems arise in practico wliich do not 
satisfy this condition and frequently it is impossible or incon- 
venient to solve the equations in their original form. In such 
cases, approximate values aro assigned to the unknown quantities 
and tlien tlio most probable corrections for tlio assumed values 
arc computed by the motliocl of least squares. Whatever the form 



of the original f\in(5tioiis, the relations between the coiTCctioiis can 
always be put in tlie liiu^ur form by a method to be dcjycribed in a 
later chapter. 

When the given functions arc linear in form, or have been 
]‘ccluced to the linear form by the device mentioned above, equa- 
tions (47) may be written in the form 

ci\Xi + biX’i d" Ci.Ta + . , . H" piXq = Si, 

ChXl + 1)2X2 + C2-r3 + . . . + p2Xq = tS’ 2 , 

(^nX\ *f" d~ • • • d“ p^Xq — 

where the a^s, 6’s, etc., represent numerical constants given either 
by th(5ory or as the result of direct iiujasurcments. Tliosc (equa- 
tions are sometimes called equations of condition; but in order 
to (listinguisli them from the rigorous nmtliematical conditions, 
to be treated later, it is better to follow tlio German practice and 
call them ohaervation equations, ‘‘Beobachtungsglcichungen,*^ 

By comparing (filiations (47), (48), and (53), it is obvious that 
the cx]Drcssions 

+ hiX2 + CiX*3 + • • • + PlXq — 5i = I'l, 

( 12 X 1 + htX2 + C2X$ + * — + p2Xq - S2 - Tz, 

CinX\ d" hr{X2 + (Jn.'TS + * * * d^ VnXq — .S'„ 




give the residuals in terms of the unknown quantities .ti, a* 2 , etc., 
and the measured quantities Si, Sa, etc. 

50. Normal Equations. — In the case of measurements of 
equal W(ught, we lutve seen that tlu^ most probable values of the 
unknowns xi, X 2 , etc., are given by the solution of equations (50) 
provided the x^s are independent. Assuming the latter condition 
and performing the dilTorentiations avo obtain the equations 





and hence equations (i) become 

rirtl + r2il2 + . » r + = 0 , 

Tib I + r2&2 + . » . + ’ = 0, 

Tip I + r2P2 + . . • + Tnpn = 0 * 

IntrodiKiing the cx]‘)rcssioiis for tlic r’s in terms of the rr s from 
equations ( 54 ) and putting 

[aa\ — (llOi + ^2^2+ • * • + Undni ' 

[ab] — (hbi + a2b2 + d^bs -{' * * * + dnbm 

[asl = aiSi + a 2 S 2 + 03^3 + • • ♦ + dnSm 

[te] — 61a I + M2 + M3 + • • ' + bndn - [db], - ( 5 B) 

[bb] = bibi + 62B2 + Mg + * * ’ + M»i 
[be] = biCi + 62C2 + bzCz + • • • “h bnCtii 

[pp] - P1P1+ P2V2 + IhPs "!-*••+ pnPn, 


equations (iii) reduce to 

[aa]ri + [a6]a:a+ ^ ‘ M. 

{ab]xi + [bb]x2 + [be] rcs + ’ ‘ ^ + \bp]xQ = [bs], 

[ac] iTi + [be] X 2 + [cc] .^3 + — • + [dp] = N, 

[ap]:i;i+ [t 7 ?]:r 2 + (cp]a;3 + • • • 4- \vp\^q— 

giving us Qf so-called, normal equations from which to dctcimmo 
the q unknown 

Since the normal equations are linear in form and contain only 
numerical coefficients and absolute terms, tliey can alwaj^s bo 
solved, by any convenient algebraic method, provided they aro 
entirely independent, i.e., provided no one of them can be ob- 
tained by multiplying any other one by a constant numerical 




factor. This oonclitioii, when strictly applied, is seldom violated 
in practice; but it occasionally happens that one of the equations 
is so nearly a multiple or submultiplc of another that an exact 
solution bticoines difficult if not impossible. In such cases the 
number of obscnwatioii equations may be increascnl by making 
additional measuremetits on quantities that can be ropresontod 
by known functions of the desired unknowns. The conditions 
under which these measurements arc made can generally be so 
chosen that the new sot of normal equations, derived from all of 
the observation equations now available, will be so distinctly 
independent that the solution can bo carried out witlioui cUniculty 
to the requinid degree of precision. 

By comparing eqiiaiions (53) and (56), it is obvious that the 
normal equations may be derived in the following simple manmn*. 
Multiply each of tlic observation equations (53) by the cocfiicicnt 
of Xi in that equation and add tiie i)roducts. The result is the 
first normal equation. In general, q being any integer, multiply 
each of the observation ociuutions by the (!oe(ricicnt of Xrj in tlmt 
equation and add the products. The result is the (/tli normal 
cepiation. The form of efiii<ation.s (56) nmy be fixed 

mind by noting the ])cculiar symmetry of the cocITicients. Those 
in the principal diagonal from left to right are [aa], [W>], [cc], etc., 
and coefficients situated symmetrically above and below tins 
diagonal arc equal. 

When the given measurements are not of equal weiglit, tlic 
observation equations (53), and the residual equations (54) remain 
unaltenjd, but the normal equations must be derived from (52) 
in place of (50). »Since the weights i/n, ^^> 2 , etc., arc indopendont 
of tluj .T*s, if we treat equations (52) in the same manner that wc 
liavc treated (50), wc shall obtain the equations 

ioiriai + W2r2a2+ • • • + = 0 , 

WiVxbi + W2r2b2 + • • * + Wn7\bn = 0 , 

«^iri/7l+W2r2Pa+ ’ ' • +'iOnrnVn=^ 0, 
in place of equations (iii). Hence, if wc put 
[wan] ^ W\aiai + W2a2a2+ • • • 

hms] = 4* + • * ‘ 

Iwpp] = lOiPiPi+ W2P2P2+ ‘ ‘ ‘ + WnpnVn, 


(iv) 


( 57 ) 



the normal equations become 
[waa]xi + [wac]x3 + 

[m6l ail + •'*^3 + 

[wac] *1 + Xi + [jwc] .tj + 


+ [wap] Xq ~ 

+ [w 6/3] = [u;is], 

-1- (we:/>l X, = [iocs], 


( 68 ) 


[i«a/)l.Xi+[«;6p).'C2H-[;«c/)]-'K3 + • • • + (iwpp] x, = [?<;ps). 

Thiisc eqiJiilions avtt identical in form with cejuations (5Ci), aud 
they may be solved under the samo conditions and i)y the same 
methods as those equations. Consftqu(nvUy, in treating methods 
of solution, wc shall consider tho measurcment.s to bo of equal 
weight and utilize equations (50). Ail of those methods may Im 
readily adai)tcd to measurements of unequal weight by substitut- 
ing the coefficients as given in (57) tor tho-sc given in (55). 

51 . Solution with Two Independent Variables. — When only 
two independent quantities are to be deleriniued the observation 
equations (53) become 

UlXl "h l>i.X2 ~ S|, ^ 

ttsX, -I- hiXi = S2, 

CnXl -|- hnXi = S,,, 

and tlie normal equations (56) rcclueo to 

[an] xi + (oil Xa = [ns), 

[ahj Xi -f- [66] Xi = |6s]. 

Solving tiiesc equations we oi)tain 

_ [6 6] [«s] - [n61 [6s] 

|a«) [66] — (a6]'^ ’ 

_ [aa] [6s] — [«6j [as] 

' " [aa] [66] - [o6j* 

As an illustration, oonskler the determination of tlio length Lp 
at 0® C., and the coefficient of linear expansion « of a inotallic 
bar from the following measurements of its length Li at tompei'- 
aturo t° O. 




(60a) 


(69) 


t 

Li 

a.® 

mm. 

20 

1000.36 

30 

1000.63 

40 

1000.74 

50 

1000.01 

60 

1001.00 




Within tlie temperature range considered, Lt and t are connected 
with Lq and <x by the relation 

Lt - 7.0 (1 

Li — La Ladt^ (v) 

and a set of observation (equations might be written out at once 
by substituting the observed values of Lt and t in this equation. 
But th(i formation of the normal equations and the final solution 
is much simplified when the coefficients and absolute terms in the 
observation equations are small numbers of nearly the same order 
of magnitude. To accomplish this simplification, the above func- 
tional relation may b<^ written in the equivalent form 


Li - 1000 = Lo - 1000 + 10 Loa 4;. 
and if wc put tU 

L,- 1000 = s; 1 


it becomes 


fjQ — 1000 — 10 LfbO: — Xif 

Xt + 6 X 2 = s. 


(Vi) 


Using lliis function, all of tlic a’s in equation (63a) become equal 
to unity and the 6 ’s and s’s may be computed from tlic given 
observations by equations (vi). Ilcncc, in tlie present case, 
ttu! observation equations arc 

X( + 2x2= ,30, 

Xi + 3 X2 = .53, 

Xi + 4 X 2 = .74, 
xi + 5x2= .91, 

Xi + 6 X 2 = 1.06. 

For the purpose of forming the normal equations, tiic squares 
and products of the coefneients and absolute terms arc tabulated 
as follows: 


Oba, 

aa 

ab 

aa 

bh 


1 

1 

2 

0.3(1 

4 


2 

1 

3 


9 


3 

1 

4 

0.7.( 

W 


4 

1 

6 


25 


6 

1 

0 

1.00 

36 

0.3C 


a 

20 


00 

10.18 


[na] 

[«ti 

[ns] 

IM] 

[tsl 


Substituting these values of the coefficients in ( 66 a) gives the 
normal cciuations 













and by (59) wc have 

90 X 3.G0 - 20 X 10.18 _ ,, 

= 5 X 90-100 ^ 

5 X 10.18-20X 3.00 ,^,.,0 

= 5X 90 - 400 ^ 

From thcjso results, witli llic aid of relations (vi), wo find 
L« = .r, + 1000 = 1000.008, 


La« = = 0.0178, 

« = = 0.0000178, 

and finally ' * 

Lt ^ 1000.008 (1 + 0.0000178 0 nullimctcrs. (vii) 
The differences bcUrcon the values of U computed by equation 
(vii), and the observed values give tiio residuals. Hut they can 
be more simply determined by using the above values of Xi 
and X 2 in the observation equations and taking tlie dilVercnco 
between the computed and observed vahics of s. Thus, if a* 
represents the computed value and r the corrc.sponding residual 

= 0.008 + 0. mb, 
and r - 5 ' s. 

With the values of s and b used m tlic observation equations wo 
obtain the residuals as tabulated below: 


6’ 

e 

r 

X I0< 

0.3(H 


+0.004 

O.IC) 

0.642 

o.5:j 


1.44 

0.720 

0.74 

-0.020 

4,00 

0.808 

0.91 


1,44 

1.070 

1,00 






Since the above valuers of X\ and 0:2 were com]nitcd by tlic mothod 
of least squares, the resulting value of [r^l, i.c., ,000900, should bo 
less tlian that obtainable with any other values of and .'^ 2 , 
Ttiat this is actually the ease may be verified by carrying out tlio 
computation with any other values of Xi and X 2 , 








52. Adjustment of the Angles About a Point — As an illus- 
tration of the application of the method of least squares to tlic 
solution of a problem involving more than tw'o unknown quanti- 
ties, supi)OSG that we wish to determine the most probable valuo 
of the angles yii, A-zj and As, Fig. 9, from a scries of iiidepcndcnt 
measurements of equal weight on the anglgs^ il/i, A/2, . . . Ah* 
If the given nioasurenients were all exact, ^10 equations 

A 1 = il/ 1 ) A 2 “ AI 2 j A 3 — i 
A I d- A2 = A/.ij A i A2 A3 = and^^a 4- A3 — Mo, 

would all be fulfilled identically. I^^acticc never the 

case and it becomes 
necessary to adjust the 
values of the ’s so that 
tlic sum of the squares 
of the discrepancies will 
be a minimuin. The 
adjustment may be ef- 
fected by adopting the 
above equations as ob- 
servation equations and 
proceeding at once to 
the solution for the A^s 
by the method of least 
squares. But the ob- 
served values of the A/'s 
usually involve so many 
significant figures that 
the computation would 
be tedious. It is better 
to adopt iipproximnto 
values for the A's and then compute the necessary corrections by 
the method of least squares. 

For this purpose, suppose wc adopt A/ 1, jV/2, and A/a as approxi- 
mate values of Ai, Aa, and A3 respectively and let a?i, x^, and 
represent the correctioiis that must be applied to the A/'s in order 
to give the most probable values of the A's. Then, putting 

Ai = A/i + .Ti, A2 = A/2 + *^2, and A3 == A/3 +0?^, (viil) 
the above equations become 



Fig. 0. 



and by (59) wc have. 

90 X 3.60 - 20 X 10.18 ^ 

= 6X90-400 = 

5 X 16.18 - 20 X 3.G0 „ 

=^■^=—5X 90-400 

From those results, witli llic aid of relations (vi), wo find 
u =-- .i;i + 1000 = 1000.008, 

/.oa = ^ = 0.0178, 

« = = 0.0000178, 

and finally 

U = 1000,008 (1 + 0,0000178 /) inillinictcrs. (vii) 
The diffcroiice« between the valuers of U computed i)y equation 
(vii), and the observed values (^ivo the residuals. But they can 
be uioro simply detcrininccl l^y using the al)ovc values of xi 
and in the observation oqiuitions and taking the difl'(»rcnco 
between the computed and observed values of Tims, if s' 
represents the computed value and the corrospoiurmg residual 
s'- 0.008 + OJ786, 
and r = s' — $. 

With the values of 5 and b used rn llic observation cjcjuations we 
obtain the residuals as tabulated l>eIow: 


s* 

8 

r 

r* X 10‘ 

0.304 

0..1C 

H-O.OOi 

0.10 

0.642 

0.63 

+0.012 

1.41 

0.72Q 

Q. 7-1 

- 0.020 

4.00 

0.808 

0 01 

- 0.012 

1.44 

1.070 



2.60 


M^O.OOXlO-^ 


Since the above values of Xi and X 2 were comijuted by tlio method 
of least squares, the resulting value of i.o., ,000900, should bo 
less than that obtainable with any other values of X\ and 
That this is actually the ease may be verified by carrying out the 
computation with any other values of Xi and x^. 







52. Adjustment of the Angles About a Point. — As an illus- 
tration of the application of the method of least squares to tlio 
solution of a ])robleiti involving more than two unknown quanti- 
ties, suppose that wo wish to determine the most probable valuo 
of the angles Ai, A2, and /I3, Fig. 9 , from a series of independent 
mcasuroments of equal weigljt on tho anglps^ Mz, * - » 

If the given moasurements were all exact, ^le 'equations 

A I — Ml] / 1 2 — A3 

A I ~i- A 2 = A I A' A 2 ^ A3 = il/sj 

would all be fulfilled identically. actico ?hjs';is never the 

case and it becomes 
necessary to adjust tbo 
values of the yPs so that 
tlie sum of the squares 
of the discrepancies will 
be a iriinimuin. Tho 
adjustment may bo ef- 
fected by adopting the 
above (iquations as ob- 
servation equations and 
proceeding at once to 
tho solutioJi for tlui A*s 
by the method of least 
squares. But the ob- 
served vahuhs of the 
usually involve so many 
significant figures that 
the computation would 
be tedious. It is better 
to adopt approximate 
valiK^s for tlic A^s and then compute the necessary corrections by 
the method of least squares. 

For this purpose, suppose we adopt Afu Aht and il/3 as approxi- 
mate values of Ai, A2, and A3 respectively and let an, and .^3 
represent the corrections that must be applied to the iu order 
to give the most probable values of the A’s. Then, putting 

Ai = Ml + Xi, A2 = M2 + Xif and A3 — M3 + X3, (viii) 
the above equations become 



Fig. 9. 



X2 




= U, 


-0, 
•fa = 0, 


Xl +X2 = '1/^4 — (il/l + 2)» 

*1 + *2 + *3 = '^'^0 ~ (-'-^l + 

Xi + ^’3 = jljf# ~ 01^2 + 


To render the problem definite, suppose tliat the following 
values of the M’s have boon determined with an instnimout read- 
ing to minutes of iirc by vcrniei-s; 

Ml = 10“ 49'.6, M, = 45“ 24'.0, 

Ml = 34“ 3G'.0, Mi ^ G0“ 53' .5, 

Mj = 15“ 25'.5, Ma = 50° O'.O. 

Substituting these values in the above equations wo obtain 
Xi = 0, 

Xi = 0 , 


= 0 , 

«! -h a-2 = - 1'.5, 

a:i + ."Ta *1- ^a ~ 2'.5, 

xi ”1- a'a = — I'.o. 


Adopting tlicso as our observation equations and comparing with 
(53) we obtain the cocfiicicnts and absoluto terms tabulated below: 


Oba, 

0 

0 

c 

- 

a 

1 

1 

0 

0 


2 

0 

1 

0 


3 

^ 1 

0 

1 


4 

1 ' 

1 

0 

-1.5 

6 

1 

1 

1 

2.5 

0 

0 

I 

[ 

-l.G 


The s(iuarcs and products of the coofneieiits and absolute terms 
may be tabulated, for the purpose of forming the normal equations, 
as follows; 




ac 

09 


he 


cc 



0 



0 



0 

0 




0 



0 

0 

0 




0 


0 

0 

1 

0 

1 

1 


-1.6 


0 

-1.5 

0 

0 

1 

1 

1 

2.6 


1 

2.6 

1 

2.5 

0 

0 

0 

0 


1 

-1.5 

1 

-1.5 

3 

(nal 

2 

l«tl 

1 

[acl 

1 

lrt»l 

(66! 

2 

(6cl 

-0.5 

16sl 

3 

[eel ' 

1 

(ca! 



















Substituting those values in (56) the tlirce normal equations 
become 

3x*i + 2x2 + 1 x 3 — If 

2 xi + 4: X 2 + 2 X 3 = 0.5, 

1 0:1 + 2 :i;2 + 3 rca == 1, 

and solution by any method gives 

0^1 == 0.G25; X 2 — — 0.75; — 0.625. 

With these results togetlier with the given values of il/i, il/ 2 , 
and Ms we obtain from equations (viii) 

^1-10^ 50M25, 
yl 2 - 34° 35'.25, 
jU - 15° 26M25. 

In a problem so simple as the present the normal equations are 
generally written out at once from the observation equations by 
the rule stated in article fifty, without taking the space and time 
to tabulate the eocfficients, etc. But, until the student is thor- 
oughly familiar with the ])roccss, it is w(41 to form the tables as 
a chock on the computations and to make sure tlmt none of tho 
cocfiicicnts or absolute terms have been omitted, h'or this reason 
tlio tabulation has been given in full above and tho student is 
advised to carry out the formation of the normal equations by 
tho shorter method as an exercise. 

53 . Computation Checks. — When tho number of unknowns 
is greater than two and a large number of observation equations 
are given with cocfncicnts and absolute terms involving more than 
two significant figures, the formation of tho normal equations is 
tho most tedious and laboriou.s ])art of tho computations. It is, 
therefore, advantageous to (kwisc a means of checking tho com- 
puted coefficients and absolute terms in tho normal equations 
before wo proceed to the final solution. 

For this puri^osc compvitc the n quantities ^ 1 , ^ 2 , . , . ifn by tho 
equations 

01 +5i + ci + • • • H- 2 >i = /i, 

02 + ^2 + C 2 + • • • + P 2 == ^2, 

Otl + + Cn + • • • + Pn = 


( 60 ) 



whcro tho 6 ’s, etc., fire the cocfiieiorits in the ^ivm observa- 
tion equations. Muitiply the first of equations (hO) l^y the 
second by 52, etc., and add the products. The rc.sult is 

M + N + M + ' * ' + [ps] =- [/ 5 j. ( 01 ) 


lu the same way, multiplying by the a’s in order and adding, then 
by the 6 's in order and adiling, etc., we obtain the following rela- 
tions 


[aa] d- [ab] +• [ac] T * • ' + W] ^ \ai], 

[cih] + [bb\ -^{ba] + ^ ^ + [bp] - [btl 

[ac] + [ic] +lcc] + * • ^ + [cp] == [cil 


( 02 ) 


M + + \cp] + • • * + Ipp] - \ptl 


If the absolute terms in the nommi equations Imvc been accu- 
rately computed, equation ( 61 ) ivjcluccs to an identity. If the 
coeificients liavo been accurately computed equations (02) all 
become identities. Honco (01) is a check on the cojnpulation of 
the absolute terms and equations ( 62 ) bear tlje same relation to 
tlie cocfficiiaits. The extra labor involved in coinj)uting the quan- 
tities [fs], [af], . . * , [pi] is more tlian repaid by the added confi- 
dence in the accuracy of the normal cquatioits. 

WHicn all attainable Bignificant figures arc retained throughout 
tlie computations, the checks ( 61 ) and ( 62 ) should be identities. 
In practice the accuracy of the measurements is seldom sufficient 
to warrant so extensive a use of figures, and, consequently, the 
S(iuares and products, aa, a6, . . . as, at, etc., arc rounded to sueli 
an extent that the com])iite(l values of the will come out with 
about the same number of significant figures as the given data. 
Judg?ncnt and cxporJence are noccssary in detonnlning the number 
of significant figures that should bo retained in any particular 
problem and it would be clifFiciiIt to state a gOJicral rule Hint 
would not meet ^^^th many cxec])tions. Wlion t!\o comjnitcd 
cocifTicients and absohito terms are rounded, as above, the clicclcs 
may not come out absolute identities, but they should not bo 
accepted as satisfactory when the discrepancy is more than two 
units in the last place retained. 

54. Gauss’s Method of Solution. — When the normal equa- 
tions ( 56 ) are entirely indc])endont, they may be solved by any 
of the well-known methods for tlie solution of simultaneous 
linear equations and lead to unique values of the unknown quan- 



titles xii X 2 f ot<;. Gauss's uicthotl of substitution is frequently 
adopted for tliis purpose since it permits the computation to bo 
carried out in symmcitrical form aiul jnovidcs ixumerous ciiecks 
on the accuracy of the numerical work. The general principles 
of the method will be illustrated and explained by completely 
working out a case in which there are only three unknowns. 
Since the process of solution is entirely symmetrical, it can b (5 
easi!}^ axU^ndccl for the determination of a largei* n umbra* of 
unknowns, but too much space would be required to carry tluough 
the general case )mrc. 

Wlirm only three unknowns are involved, the normal equations 
(hG) and the check equations (GO) atui (GI) may bo completely 
written out in the following form, the coin])utcd quantities and 
equations being placed at the loft, and the checks at the right. 

\aa] xj + [ab] X'j -H [ac] X3 = [ftsj. [aa] + \ab] + [ac] - [at]. 

\ab] A + m .^2 + [be] .1*3 - N. [ab] + \bb] + [be] - [hll 

[nci.ri -b ( 6 c]:r 2 + lcc]x^ == [csl [ac] + ( 6 c] + [cc] - [c/l- 

[an] + [h.s*l + \cs\ = [si ]. , 


Solve the first equation on tiie left for .ri, giving 


_ [acj 

[ua] [ao] M''*'"'’ 


(C‘t) 


Compute the following auxiliary ciuantities: 

[66] - fa6j = [6/, . Ij, t6<I - M = {bl • 1], 

(6cj - [ac] = [be . IL (eij - [at] = [cl • 1], 

[6sj - [ns] = [68 • Ij, N - [ai] = [si • Ij. 

[cc] ~ [ac] = [cc • 1], 


As a check on thciso computations we notice that 




In a similar way wc may show that w(! should have 

[be • 1] -flfc • 1 ) = (rf * 1] and [bs • Ij + [cs • 1) = [st • 1]. 

Substituting (64) in the last two of (03) and plucin/? tlic above 

elic’.cks to tile I'iglit, we have the eejufttions 

[bh- ll.r 2 + (hcljais = [6s* Ij, [66- Ij 4-(6c*li = [bt- 1], 

16 c . 1 ) x-i + (tc . 11 X 3 = [cs • Ij, 16 c • I] + (cc . 1 ] = lei • 1 }, (Go) 

(6s. li + [cs.ll = (.<!<. II. 

which sliow the same type of symmetry as (63), but contain only 
two unknown quantities. Solve the first of (65) for Xt giving 

ri.„ il ll.y. . II 

( 66 ) 


_ !6s.l)_[6cj_IJ 

166.1] [66. ir^"’ 


and cotnputo the following auxiliaries: 

(cc . I j - (6c . 11 = (cc . 2), (c( . 11 - j-j (W . 11 = [cl . 2], 


[«•!] - 


(6c- 


(66 . 11 


(63 . 11 “ Ics . 2], 


N-il-|^;f]{[6Ml = [.vt-2). 


l^y a method similar to that used above wo caa show tliat wo 
should have 

[cc • 2] == [ct * 2] and (cs • 2) — [sif • 2]. 

Hence, substituting (66) in the last of (65), wo have 
[cc *2]xz- [cs • 2], [cc • 2] ^ [ct • 2], 

[cs * 21 = * 2), 

and consc<]ucntly 

(cs.2i^ 


[ccT21' 


(67) 


Having determined tho value of from (07), Xn may bo cal- 
culated from (66), and then X\ from (64). 

A very rigorous check on the entire compuUiUou is obtained as 
follow.s: using the computed values of X\j . 1 * 2 , niid 0:3 in oquatioiis 
(64), derive the residuals 

ri = ai.Ti + biX2 + CiXz - Sif 
n - + b2X2 + C2.r3 - ^ 2 , 


rn ^ (In^l + bnX2 + C^Xz - 

and then form the sums 


( 68 ) 


frri = -j- , ^2 

Iss] - 51^ + + ^>'3^ + • - + 


If the computations are all correct, the computed (luautities Avill 
satisfy the relation 




II 


[/«♦ 1 ) 


[c s « 2| 
[cc • 2) 


[c.c • 2). (09) 


'J'o prove this, multiply tlu: first of (08) by vi, Uie second by ra, 
etc., and add the products. Tlic result is 

[rr] [ur] .xt + [6r] Xi + [cr] .Cj — [sr]. 


But from equations (iii), article fifty, 


consequently 


[ar] = [6r] = Icr] = 0, 
brj = ~ (sr). 


(70) 


Multiply each of equations (08) by its s; add, taking account of 
(70), and we obtain 

[it] = [.ss] - |a!?J .xi - (fi.s-) Xi - |c,sl .xs. 

Eliminating Xi, Xi, and xs, in succession witii tiio aid of (64), (60), 
and (07) w<! find 

(rr) = [ss] - (rt.sl - (6s* l].r2 - (cs* IJ-Xj, 


and finally 




[cs • 2] X3, 


(66.11*^'''*’^ !cc * 2] 


which is identical with (69). 

55. Numerical Illustration of Gauss’s Method. — The fore- 
going methods arc most frctpiontly used for the adjustment, of 
astronomical and geodetic observations, and iluiir application to 
particular prol)lcms is fully discussed in practical treatises on 
such ol)scrvations. 'J'ho physical pro))lcms, to wln’cl^ they are 
a]:)plicablG, usually involve the determination of an etn])irical 
relation between mutually varying quantities. Such problems 
will be discussed at some length in Chapter XIII, and the corre- 
sponding observation equations will bo developed. 

It would require too much space to cany out the complete dis- 
cussion of such a problem, in this place, with all of the obsenya- 
tions made in any actual investigation. But, for the ])urpose of 
illustration, the most probable values of Xi, and xs will be 



derived, from the following typical observation eiiuations, by 
Gauss's method of solution : 

a;. = 0.24, 

a;i -}- 2 x 2 ~\' 0.4 .ta — 1.18, 

x'l + 4.1:2 H" 1 . 0 .Tj = ~ l.o 3 , 

2,'i G .fa + o.O.i’a = — 0.09, 

.T, + « 3:3+ 0.4.13 = 1.20, 

1;, +10.^2 4-10.0.1:3 = 4.27. 

Sineo the coefficient of .1:1 is unity in each of the.se equations, 
tlie products on, ab, ac, as, and at arc ccjual to a, b, c, s, and i, 
respectively. Consequently tho first livo columns of the follow- 
ing table show tho coefficients, absolute terms, and check terms 
{t = a + b + c) of tiu! oliscrvation equations as well ns the 
squares and products indicated at tho head of the columns. Tho 
sums [anj, M], etc., arc given at the foot of tho cohimns mid the 
checks, by equations (01) and (02), are given below the tables. 
In the present case, the coefficients are cxpres.sed by .so few .signifi- 
cant figures that it is not ncccHsary to round the computed products 
and eonseiiucnlly the checks coino out identities. 


Oil 


<IC 

as 

a( 

bb 

be j 

1 


0.0 


i.o 

0 


1 

2 

0.4 

^1.18 

3.4 

4 


1 

4 

l.O 

-1.63 

0.0 

10 

0.4 

1 

6 

3.6 


10.0 

30 

21.0 

I 

S 

6.4 

1.20 

16.4 

04 

51 2 

1 


10.0 

4.27 

21.0 

100 

100.0 

G 

30 


2.31 

68.0 



laal 

loti 

\ac] 

|rtsl 

|n<| 

Ittl 

|6c| 

Chock: [art] -h [ah] -1- = 58.0. 


ba 

cc 

C8 

bt 

(t 

Si 

0.00 

0.00 

0.00 

0.0 

0.00 

0.21 

-2.30 

n.io 

-0.472 

0.8 

1.30 

- 4.012 

-0.12 

2.60 

-2.448 

20.4 

10.50 

-10 008 

-4.14 

12.00 

-2.484 

03.6 

38.10 

- 7.314 

0.00 

40.06 

7.080 

123.2 

08.50 

18.4S0 

42.70 

100.00 

42.700 

210.0 

210 00 

80.070 

30.08 

150.04 

44.070 

430.0 

358.04 

80.000 

[bs] 

(cc| 

Ics] 

161] 

[Cl] 

[si] 


Checks: [ah] ■[- jhh] + (hr:! = 430.0 

• («cl.-|- [hc| -1- H = 368.04 

(a.i) + 16.'»| + Ic.il = 80.000 
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The normal ociuatioiis and thoir chocks might now bo written 
out in the form of eciuations ((>3), but, since the coefficients and 
otlior data necessary f{)r thoir solution are all tabulated nbov(j, it 
is scarcely worth wliile to repeat the same data in the form of 
equations. The computation of the auxiliaries [bb * 1], [be • 1], 
etc., and tlic final solution for xi, .r 2 , niid Xs b}^ logarithms is best 
carried out in talmlar form as illustrated on pages 00 and 01. 
The meaning of the various <iuautitics appearing in these lalfics, and 
the motliods by which they arc computed, will be readily under- 
stood by comparing the iiuincrical process with the lit(;ral e(pm- 
tions of the preceding article. When tlie letter it appears after a 
logarithm it indicates that the corresponding numl)cr is to be taken 
negative in all computations. 

Tluj computation of the residuals by equations (08) and the 
final chock by (00) is carried out in tlie following taljle, where 
Scale, is written for the value of tlio cx))rc.ssiou axi + bx^ + exa, 
when the comput(id values of .Xi, X 2 , and Xn are iis(jd nnd is 
the corresponding value of .s in the oljservation equations. Thus 

7*1 = ai.Xi + biX 2 + C1.X3 — Si = Si culo. — Si ob».‘ 



^cb», 

r 

X I0« 

81 

0 246 

0.24 

4-0.006 

23 

0.0570 

-1. 196 

-1.18 

-0.015 

225 

1.3024 

-1.6J2 

-1.63 

+0.018 

324 

2.310,9 

-0.709 

-0.00 

-*0.019 

361 

0 4701 

1.215 

1.20 

+0.015 

226 

1.4400 

4.201 

•1.27 

-0.006 

30 

18.2320 




.001190 

23.0300 




(>•<•! 

[ss| 


r 1 


0.8803 + 11.3013 + 

Final check by (09): 


[CC.2I* ^ 

11.7462 
\rr] 


23.9387 

0.0012 


Since the chocks are all satisfaetoiy, we are juslifiecl in assum- 
ing that the computations arc correct. Hence the most prolmblo 
values of tiio unknowns, dorivable from the given observation 
equations, are 

Xi - 0.245; .X2 - - 1.0003; .x^ - 1.4022, 



0.3 









and the corrcspoiuliug ciiipiricnl relation bccomcd 
s = 0,245 a - 1.0003 b + 1.4022 c. 

A small number of observation equations with simple coefficients 
have been clio.seii, in the above illustration, partly to save space 
and partly in order that the eoininitations may be more readily 
followed. Tn practice it would .schloni bo worth while to a])ply 
the method of least squares to so small a number of observations 
or to adopt Gauss's method of solution with logarithms when the 
normal equations arc .so simple. Wlien the number of observa- 
tions is largo and the coefficients involve more than three or four 
significant figures, the method given above will be found very 
eoiiveniciit on account of the numerous checks and the symmetry 
of the computations. In order to furni.sli a model for more 
complicated problems, the process has been carried out completely 
eveu in the parts where the results might have been foreseen 
without the use of logaritlims. 

56 . Conditioned Quantities. — Wlien tlio unknown quantities, 
ail, Xi, otc., arc not independent in the inathcmatical sense, the 
foregoing method breaks down since the equations (50) no longiir 
express the condition for a minimum of [rr]. In .such cases Iho 
number of unknowns may be reduced l)y eliminating ns many of 
them as there are rigorous mathematical relations to be fulfilled. 
The remaining unknowns are indeireiidcnt and may bo deter- 
mined as above. The eliminated quantities arc then determined 
with the aid of Iho given mathematical conditions. 

For the purpose of illustration, consider the case of a single 
rigorous relation between the unknowns, anti lot the correspond- 
ing mathematical condition be represented by the. equation 

e (.r,, .Ti, . , . , .X,) = 0. (71) 

As in the case of unconditioned c|uantitio 3 , the observation equa- 
tions (53) arc 

a\X\ -f hiX 2 + ctX3 +•••-!- piX^ = Si, 

diXl biXi -|- 02^18 + • ■ ’ + = S2( 

a„Xi -H b„Xi CnXs 4" * * ■ + PnX,, = s„. 

The .solution of (71) for Xi, in terms of Xi, X 3 , . . ., x„ may bo 
written in the form 



=f{X3,X3, . . . , Xg). 


( 72 ) 



Introducing this value of rui, equations (53) become 

aj {XnyXZi . . . y Xq)+ b iXz + + • * ' + VlXq = Si, 

0^2/ ^* 3 j * • • J “h 52-1*2 + CaiCa + * ‘ + P'lXq = S 2 , 


Clnf iX2i Xs, . . . , + bnX 2 + CuXs + ‘ ‘ • + VnXq = S„. 

Since the form of 0 is known, that of / is also known* Hence, by 
collecting the terms in a* 2 , x^y etc*, and reducing to linear form, 
if necessary, we bnyc 

h\X 2 + CiXz + * • • +ViXg = Si\ 

1 ^X 2 + C2^'r3 + * • » + P2^Xq — S2^ 

X2 “H C„ X3 "I” * * * “b Pn Xq ^ S„ ♦ 

Tlio *r’s in these equations arc iudependojit, and, consequently, 

they may be determined by t)\(3 methods of the preceding articles* 
Using the values thus obtained in (71) or (72) gives the roinaining 
unknowii .-ri. The ;r^s, tfius dcterinincd, obviously satisfy tho 
mathematical condition (71) exactly, and give the least magnitude 
to tlic quantity [rr\ that is consistent with that coiulition. They 
are, consequently, the most probable values that can bo assigned 
on tho basis of the given data* 

As a very simple example, consider the adjustment of i,hc 
angles of a plane triangle. Suppose that the observed values of 
the angles arc 

-- 60° 1'; 6*2 = 59° 58'; 53 = 59° 59'* 

The adjustcxl values must satisfy the condition 

*Ti +X 2 + X 3 = 180°, 

or 

Xi — 180° — *^2 ‘^3* 

Eliminating xi from the observation equations, 

^ Sii *^2 *^ 2 ,* and zs ^ ^ 3 ; 

and substituting numerical values we have 
.r2 + a;3 - 110° 59', 

.T2 - 50° 58', 

0:3 = 59° 59'* 

The corresponding normal equations arc 
2.^2 + -1*3 = 179° 57', 
rr2 + 2a;3- 179° 58', 



irom wnicn wc nna 

a;2 = 59° 68' J and X3 == 69° 59'.7. 

Then, from the equation of condition, 

a;i - 00° l'*G. 

When there arc two relations between the unknowns, expressed 
by the equations 

^1 ^2; * • ♦ » 0, 

62 {xu a;2, . . « , Xg) = 0, 

they may be solved simultaneously for Xi and 0:2, in terms of the 
other x^s, in the form 

Xl A (X 3 , 0:4, . . » , Xg)y 

X2 = A fe, X4, , . . , Xg). 

Using these in the observation equiiiions (53) we obtain a new sot 
of equations, independent of Xi and .T2, that may bo solved as 
above. It will be readily seen that this process can be extended 
to include any number of equations of condition. 

When the number of conditions is greater than two, the compu- 
tation by the above method becomes too complicated for practical 
application and special methods have been devised for dealing 
with such crises. The development of these methods is beyond 
the scope of tl\e present work, but they may be found in. treatises 
on geodesy and practical astronomy in connection with the prob- 
lems to which they apply^ 



CHAPTER VIIT 
PROPAGATION OF ERRORS. 

57, Derived Quantities. — In one class of indirect measure- 
ments, the desired niuiicric X is obtained hy computation from 
the numerics Xi^ X2} etc., of a number of directly incusm*cd mag- 
nitudes, with the aitl of the known functional relation 

Wo luivo seen tlmt the most probable value that we can assign to 
the numeric of a directly measured quantiti' is either the arith- 
metical mean of a series of observations of equal weight or ti^c 
general mean of a number of measurements of diflcrent w(sght. 
Cons(!quciitly, if rci, , .Tq represent the proper means of 

the observations on ATi, ^^2, * . . , Xg the most probable value 
X tlmt we can assign to A” is given by the relation 

.T = F {Xu , Xg) 

where F has the same form as in the preceding equation. 

Obviously, the characteristic errors of x cannot be easily deter- 
mined hy a direct application of the methods discussed in Chapters 
V a2id VI, as this would require a separate computation of from 
cadi of the individual observations on which .^i, 0:2; Gtc., depend. 
Furthermore, it frcciuontly liap])ciis that wo do not know tlie 
original observations and arc thus obliged to base our computa- 
tions on the given mean values, .ri, etc., together witli their 
characteristic errors. 

Hence it becomes desirable to develop a process for cominiting 
the characteristic errors of x from the corresponding errors of 
xi, Xit etc. For this purpose we will first discuss several simple 
fonns of tlic function F and from the results tlius obtained wo 
will derive a g(meral process applicable to any form of function. 

58. Errors of the Function A'l rb X2 ib A% i . . . rh Xg. 

Suppose that the given function is in the form 

‘Y-X1+X2, or A^-Xi-AV 

These two cases can be treated together by writing the function in 
the form 

X - Ai i X2, 

95 



and remembering that the sign rfc iimicar.o.'^ two scpauiiL piouicrns 
rather than, as usual, an indefinite relation in a single problem. 
If the individual observations on Xi are represented by ai, as, 

. . . , an, and those on X 2 by hi, bi5, . . • , hn, we havo 

rii + as + ‘ • • + rtn hi + h2 -h * * • + hn 

Xi ‘^2 = » 

n 

and the most probable value of X is given by Uie relation 

X - Xi ± .^2* 

From the given observations we can calculate n inclojicndcnt 
values of X as follows: 

/ll ^ fll ± h], y 1 2 ~ U2 it bzf . . . , yin = Un rb hn, 

and it is obvious that the mean of these is equal to x, 'I'lie true 

accidental errors of the a*s arc 

Afiti ^ Ui A 1 , Aa2 ~ a2 A^i, • • * j Aan — Un A 1 , 

those of the h's are 

Ah I = hi — A^2t Ah^ ^ h2 A 2 , • * * , Ahn — h^ A2j 

and those of the A^s arc 

AAi “Ai — Xj A/ 1 2— A 2 — A, . . . f AAn = An A» 

We cannot determine these errors in pracjtice, sin <!0 wo do not 
know the true value of the A*s, but we can assume them in literal 
form us above for the purpose of finding the relation between the 
characteristic errors of the .^'s. 

Combining the equations of the preceding paragrai)h with tho 
given functional relation, we have 

AA 1 (ai ib hi) — (Ai d= A2) 

- (ai - Ai) =b (hi - A 2 ) 

= Aai i Ah], 

and similar expressions for tho other AA’s. Consequently 
(A A 1)2 =:= (Aai)^ ± 2 AaiAhi + (AhO^, 

(AA 2 )^ = {^a^y rb 2 Aa2Ah2 + (Ah2)S 

(AA - (Aa„)^ =b 2 Aa.Ahn + (Ah«)^. 

Adding theso equations, we find 

[{^Ay] - [(Aa)21 dz 2 [AaAhl + [{MjYI 



Since Aa and Ab are true aeciciciital errors, the}' are distributed 
in confonnil^^ with U\o three axioms stated in arlh^lc twenty-four. 
Cons(^(iuently (Kiiml positive and negative values of Aa and Ab 
are equally prolmblo and the term [AaA6] would vanish if au 
infinite number of obsca valiona were considered. In any case it 
IS negligible in comparison with the other terms in tlio above 
equation. lienee, on dividing through by 7i, wo liavc 

[(A/i)^J _^[ (Aari ^ [{Aby]^ 
n n n ^ 


and by (equation (20), article thirty-seven, this becomes 

+ Mi;\ (73) 


where M A is the mean error of a single A, Ma that of a single a, 
and Mb that of a single h. Since x, Xi^ and x*? arc the aritlmietienl 
means of the i-Vs, a^s, and respectively, tlieir respective moan 
errors, M, Mi, and M 2 , are given I)y tlic relations 


M^ = 






and M 2 


n 


in virtue of equations (20), article forty. Conscqucnlly, by (73) 

= Mx" + 

or M (74) 

Since the mean and probable errors, corresponding to tiio same 
scri(^s of obs(!rvations, ar(i connected by the constant relation (20), 
article thirty-nine, we have also 

j5?-Vys;,2 + jj,2^ . (75) 

whore El, and E 2 arc the ])robablc erj‘ors of x, xi, and .^ 2 , 
respectively. 

It should be noticed that the ambiguous sign does not a))pear 
in the expressions for the characteristic errors. Tho square of 
the cjrror of the computed quantity is equal to the sum of the 
squares of the (;orics])onding errom of the directly measured quan- 
tities, whether the sign in the functional relation Is positive or 
negative. Thus the error of the sum of two quantities is equal 
to the corresponding error of the (lifTcrcnce of the same two quan- 
tities. 

Now supj)osc that the given functional relation is in tlio form 
X = Xj rt X, dz AV 



jLiiu must piuuiiuii; viiiuc lo 

X = JVi dz *^3, 




where the notation has the same meaning as in the iirccccling 
case. Represent xi ± X2 by Xp, then 

X = Xp rb . 1 * 3 , 

and, by an obvious cxlciision of the notation used above, wo have 

= il/i^ + il/2^ 

- il/p^ + 

- 

Passing to the more gcmual relation 

X^Xi±X 2 ±X,± * • • ±X,, 

we Imvc X - Xi ± X2 ± xz ±i ^ * ‘ 

and, by repeated application of tlie above procc^ss, 

i\P - + Ah^ + AU^ + - • + ) 

J5’- = AV +E2^ +tV + • • • +^‘V* ) 

Thus the square of the error of the algebraic sum of a series of 
terms is equal to the sum of tlio squares of tlie corrcsi)omling 
errors of the separate terms whatever the signs of the given terms 
may ba 

59. Errorsof the Function a iX* 1^02X2 dz asXsrb ‘ ^ -iza^Xq, 
liCt the given functional relation be in tiie form 

X - C.1X1, 

where a\ is any positive or negative, integral or fractional, con- 
stniit. The most probable value that wo can assign to X on the 
basis of 71 equally good independent measurements of X is 

X = aiXij 

where 0:1 is the arithmetical moan of the 7 i direct observations 
a*!) a?, Uj) # . , , Un* 

The n indo])cndent values of X obtainable from tlio given obser- 
vations are 

At = aiUt, A2 — oc\a 2 t « ♦ . , /In = 

The accidental errors of the a*s and A*s are 

Afli = Qj Xl, Afl2 ~ Q 2 — Xi, . . . , AOn = fln — X j, 

and 

AAi = Ai-X, A^s-As-^X, , , , , AA„- A„--X. 


Combining tncso equations we nna 

A/1 1 == ofitti — cxiXi 

= aiArti, 


and similar oxi)res3ionH for the other AA^a* Consequently 
(A/li)2 = «i2(A«i)S 

and [(AA)^] = «iM(Aa)^l. 

If M and M i are the mean errors of x and respeetively, 


Hence 
and, since 
mean error, 


and = 

7L^ 7r 

AP - aiWiS 

the probable error bears a constant 




(77) 

relation to the 

(78) 


Wlieii the given functional relation is in tlio more general form 

X = a\X\ zb db OfsATa dz * * - zbofr^Aq, 

we ImvQ 

X — CViXi zb (X2X^ zb a3.r0 zb * * • zb (XqXqy 

where the x*h arc tlui most probable values that can be assigned 
to the X*s on the basis of the given measurements. Applying 
(77) and (78) to each term of this cqilation separately and thon 
applying (70) we have 

=r + a2W2^ + aa^il/o^ q- . . , ) 

=s a2^E2^ + ao^/^o^ . . . + ) 


wliorc tlic iVEs and 7?^s represent respectively the mean and prob- 
able error.s of the x's with corresponding subscripts. 

60. Errors of the Function EiX^ A'2, . . . , Xq). 

Wo aro now in a position to consider the general funciioiial 


relation 


X - F(Xu X2, . . . , A%), 


where F represents any function of the iiidci^cndcntly measured 
quantities Xi, X2, etc. Introducing the most probable values of 
the observed numerics, the most probable value of the computed 
numeric is given by the relation 

X ^ F (xu :r 2 , . . . , Xg), ( 80 ) 


This expression may be written in the form 

^ = /r j -|- 5j), {I2 §2 . . . , (Iq + ^7) I , 


(i) 



h, respectively, we have I)y equation (74) 

]3iit jV/i is equal to zero, because I is an arbitrary quantity and any 
value assigned to it may be cousiderecl exact. Consequently 

= il/,*. (ii) 


Since the I’s are arbitrary, they may be so chosen that the 
squares and higlier powers of the 6’s will bo negligible in compari- 
son with the S's themaelve.s. Hence, if the x’n are inclopendcut, 
(i) may bo exi)andcd by Taylor's Theorem in the form 


X = F (h. It, 
where 


dF dF 


dl‘ 0 ,, , 

F (x, X, 
dxi dxx ’ 


. dx 


-I- A 


and the other differential confficients have a similar signincanco. 
Wlien the observed values of the arc substituted in theso 
coefficients, they become known numerical constants. 

Tlic moan error of F Uu h, * * ^ } Iq) is equal to zero, since it 
is a fuactiou of arbitrary constants; and tiio mean errors of tlio 
6*s are equal to tho mean errors of the corrcsi^onding x^s by (ii). 
Consequently, if M, M i, Mq, , . . , ^fq represent tho moan errors 
of Xf Xu X 2 , ^ , Xqy respectively, wc have by equation (79) 



whore the represent tho probable errors of tho x^s with corre- 
sponding subscripts. 

Equations (81) are general expressions for tho mean and prob- 
able errors of derived quantities in terms of tlio corresponding 
errors of the independent components. Generally Xii ^ 2 , etc., 



rcprescufc either the anthmctiea.1 or the general means of series of 
direct observations on the t:orresponditig components, and Ex, Ei, 
etc., can lie cominited b^' cqiinthns (32) or (41). In some eases, 
the original observations are not available but the moan values 
together with their jirobable errom are given. 

For the purpo.se of coininiting tlie luimcricnl value of the differ- 
dE OF 

ential coefficients etc., the given or ob.sorved values of 

the components .ti, x^, etc., may generally be rounded to throe 
significant figures. This greatly reduces t)m labor of computa- 
tion and does not reduce the pnjcisioii of tlie result, since the E’a 
and M's are seldom given or desired to more tlian two significant 
figures. 

6i. Example Introducing the Fractional Error. — The prac- 
tical application of the foregoing process is illustrated in the follow- 
ing simple example: the volume V of a right circular cylinder is 
computed from measurements of the diameter D and the length L, 
and we wisli to determine the probable error of the result. In 
this case, V corresponds to a:, D to .i;!, L to .cj, and tho functional 
relation (80) becomes 

F = i7r7r-L. 


Also, if Ey, So, and El nrc tlic probable errors of V, D, and L, 
respectively, tho second of equations (81) becomes 


where 

and 

Hence 


Is - 57)(r'") - 


dL 


Ey^ = + T>ir 

Tlie computation can bo simplified by introducing the frac- 
tumal error Thus, dividing tho above equation by 


wc have 





and finally 


= 4/y + P//, 

P^=V4/V-|-P7*; 


Ev = VPv = V V4 P«2 + Pl\ 

A similar simplification can bo cITcctcd, in dealing with many 
other practical problems, by the introduction of the fractional 
errors. Consequently it i.s generally worth while to try this ex- 
pedient before attempting the direct reduction of the general 
equation (81). 

In order to render the problem specific, suppose that 
D == 15.67 ± 0.13 min., 

L = .56.25 ik 0.G5 mm., 
then V = 10818 imvu,* 

Pa- ~ = — - .0083; Po'‘= 60 X 10-«, 

Pi - ^ ^ - .0116; Pr - 135 X I0'», 

Pv = V'(4 >r09 -h 136) X 10-0 = 0.020, 

Ev = VPv ^ 220 mm.^ 

Hence 

10.85 ± 0.22 cln.® 


62. fractional Error of the Function X X * • • 

Supposc the given relation is in the form 
X = F(X|) - 


where a and n arc constants and the zb sign of the GX\K)nout n is 
used for the purpose of including the two finictions and 

aXx^ in the same discussion. In this case equation (80) becomes 

and the second of (81) reduces to 


But 



dXi 


(aa;i=*=”) == zb naXi 




Consequently 




If P and Pi arc the fractional errors of x and xi, respectively, wo 
have 

r2 ^v2^..d;2ii 


Hence 


a^xr 
= = n^P{\ 


1 . 


P = vPi. 


(82) 


If we replace n by — in the above argument, (80J becomes 




and wo find 


X = aXi 


P=-Pu 

7)1 


Honec the frac^tional error of any integral or fractional power of 
a measured nuunn'ic is equal to tlic fractional error of the given 
numeric multiplied l)y the exponent of the power. 

If the given function is in the form of a continuous product 
.Y - ocXi X Y 2 X • * • X A%, 


(80) becomes 
Iloncc 

and 

Hence, by (81), 


X ^ aXi X X 2 X • • • X Xg. 
OF 

X ^3 X ’ * • X Xqy 

vXi 

i ^ _ i. 

X d.'Vi Xi 

= . . . 4 .^ 

X* X4* X,* ’ 


(ukI, if P, Pi, Pi, . . . , P,, represent tiic frnctional errors of tlio 
x’s with corresponfling subscripts, 

P2 = + . . . -I- p^\ (83) 

Combining the uIjovc eases we obtain the more general rela- 
tion 

X = X A"**"' X • • • X 

and tlio corres])oiKling expression for (80) is 

x = ax,=^”' XX2=^’*’ X • • • Xx, 

Applying (82) to each factor separately and then applying (83) to 
the product, wo find 

P^ = n,»P,2 + + . . . + n/P/. (84) 



be compared with the cx}un])lo of the preceding nrtiole. If wo 
pnta; = y, x, == D, Hi = 2, = L, wj = I, “ = 5. = f'r, 
I\ = Pd, and Pz = Pi tlio above expression for x becomes 

F = iir£>¥v, 

and (84) bocoinos 

rv* = 4iV + /V. 


Occasionally it is convenient to express the probable error in 
the form of a percentage of the inoasunal magnitndc. If E and 
p are respectively tiic probable and percentage errors of x, 

lOo| = loop. (85) 

Consequently (84) may be written in tl»o form 

pi = + • • • + Dqpq, (84a) 

where pijJs, ■ • • , p, arc the percentage errors of , .r„ 

rcs))cctivcly 


CHAPTER IX. 

ERRORS OF ADJUSTED MEASUREMENTS, 

When the most probal)lc values of a number of numerics 
are detennined hy the method of least «(iuares, the 
results .Ti, etc., arc called adjusted measurements of the (plan- 
titicjs represented by the X’s. In Chapter VII wo liavc seen how 
t}»e .^*^s come out (>3^ tlie solution of the noi'inal equations (50) or 
(08), and how these cciiiatioiis arc (hn’ivcd from the given obser- 
vations tlirough the equations (53). In the prcs(uit chapter we 
will determiuo the churaeteristlc errors of the computed .r’s in 
terms of the corresponding errors of the direct uicasuremcnts on 
which tlmy depend. 

63. Weights of Adjusted Measurements. — When there arc q 
unknowiis and the given observations arc all of the .same weight, 
the normal equations, derived in article fifty, arc 

[aa} xi + [(dj] .^•2 + [ac| *1:3 + * ■ * + l^^p] x,( - [a.s], 

[a?j] Xi + \bb] X '2 + \bc\ X 3 + • — + 15;>) x^ = Jbsl 

+ [5;?] .1*2 + Mi*3 + — * + M 

Since tlicso equations are inchjpoiuhmt, the resulting vahms of the 

x'a will be the same whatever method of solution is adopted. In 
Chapter VII Gausses motliod of substitution was used on account 
of tlu^ numerous checks it ])rovidcs. For our ])rosent purpose 
the method of nidetcnniinitc multipliers is moro convenient as it 
gives us a cHiw.t expre^ssion for tlic x^s in tenuH of the measured 
5^8. OI)viousIy tins change of method cannot affiict the errors of 
the computed quantities. 

Multiply each of equations (50) in order l)y one of the arbitrary 
quantities yli, As, . * « , yl^and add llio products, l^'he result- 
ing equation is 

C[aai yli + (rt6j ^2 + * • • +[np]Aq)ii 

+ {[ah] A I + |i;^j /t2 + ■ • ♦ d- [hp] A^)x2 



+ ([«/;] .4 1 +}/;;;] /1 2 + * - « + [ p />] A ,) 

= [as] A I + [hs] ^2 4- • • ’ + \ps] 
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( 86 ) 



OlliCu /i 3 aiAJ iiiiu y 411 vmvj v.iviv to 

satisfy any q relations wc choose without affecting the validity 
of oquatioii (8G). Hence, if wc determine the jVh in terms of the 
coeflicients in (50) by the relations 

[mi] A I + [<th\ i'U + • * • + [^p] A^ = 1, 

[ab] /W + lh5]A,+ • ^ ' +Myl,-0, 

[ap]Ai + lbp]A 2 + • ‘ ‘ +lpp]A,^0, 
equation (86) gives an expression for Xi in tho form 

xi - \as] A 1 + [6s] /I 2 + • - + \ps] A,. (88) 

If wo re])oat this process q times, using a clifTerent sot of multi])licrs 
each time, wo obtain q different equations in tho form of (86). 
In each of these equations we may place tl\e coefRcicut of one of 
the rr’s equal to unity and the other coefficients equal to zero, giv- 
ing q sets of equations in tho form of (87) for determining tho q sets 
of multipliers. Reprosonting tho successive sets of multipliers by 

A% C^s, etc*, wo obtain (88), and the following expressions 

for tho other .t’s: 

Mfii + N/i2+ * • • +lvs]li,, 

.Ts [as] Cl + [65] Ca + • • • + [/w] C^, 

Xg [as ] Pi + [6s] P 2 + ^ ^ + [ps] Pq, 

From equations (87), it is obvious that the A^s do not involve 
the observations S|, 52 , etc. Consequently (88) may bo expanded 
in terms of tho observations as follows: 

— Ori5l + a2S2 + • ' * “h OCqSq^ (89) 

whoro tho a^s depend only on the coefficients in tho observation 
equations (53) and arc independent of the s^s. Sinco wc arc con- 
sidering tho case of observations of equal weight, each of the 
in (89) IS subject to the same mean error Ms, Hence, if Mi is 
the mean error of Xi^ we have by equations (79), article fifty-nine, 

+ CX2^Ms^ oCn^Ms^ 

But, if wi 13 the weight of Xt in comparison with that of a single s, 
we have by (30), article forty-four, 

Ms^ 1 
/l/,2 [aa]’ 


(88a) 



( 90 ) 


since the ratio of t)io mean errors of two quantities is equal to tho 
ratio of tlicir probable enois. 

Comparing equations (88) and (89), with the aid of equations 
(55) y article /ift 3 ^, we sec that 

Q?i = (iiAi -f- biA^ -p * • • -f- piAqj 

oi2 = a2/li *b b2A2 -[-***-}- 

cin — H- bnA^'jr * • • + PnAq, 


Multiply each of those equations by its a and achi tho products, 
then multiply each by its 6 and add, and so on until all of tho 
eocflicicnts have been used as multipliers. Wo thus obtain tlio 
q sums [a«J, [ba\y . . . , (?)«], and by taking account of equations 
(87) we have 


M = 

[ba] = [ca] t= . . . = \pcc] = 0. 


(ii) 


Hence, if we multiply each of equations (i) by its a and add the 
products, we have 

[<xa] ~ Ai. 


Consequently equation (90) becomes 



J_ 

Ai 


(91) 


TIjo wciglits of the other x*s may be obtained, by an exactly 
similar process, from e<|uations (88a). The results of such an 
analysis arc as follows: 



il/3= 


1 

'lu' 

1 

C 3 ’ 


(Ola) 


Mq^ Pq j 

Obviously tho coefficients of the sums [as], [bs\, etc., in equa- 
tions (88) and (88a) do not do])end upon the jmrticuhir metiiotl by 
wliich the normal equations arc solved, since tho resulting values 
of the a;*s must bo tho same whaiover method is used. Conso- 
quontb', if tlie absolute terms [as), [Z^,y], ...» [ps] arc kept in litoral 
form during the solution of the normal equations by any method 
whatever, the results may be written in the form of equations 



i£ tho coofficionts Ifio], l«6i, .... (66], . . . , [jjp] arc expressed 
nvimcrictilly. 

Honce, in virtue of (01) nncl (Ola), wo have the following rule 
for computing the weights of tho 

Retain the absolute terms of the normal equations in iitcial 
form, solve by any convoihent method, and write onl tlie solution 
in the tona 

x\ - [cL9] Ai + [bii\ + [cs] Az q- ■ • * -J- [ps\ A y, 

X2 — [as] 7?i + [b&] Jh + [cM ^^3 + * * * d' f/H 

x, - [as] P^ + M J\ + N I\ -!-•-+ \ps\ /%. 

Then the weight of xi is tho reciprocal of tho coefricient of [a-s] in 
the equation for .ti, the weight of xa is tho reciprocal of tl\c co- 
efficient of [M in the (:quation for and \n general the wciglit of 
Xq is tl^c rccipvo(5al of tho coefficiout of (pxsj in the equation for Xq, 

As an aid to tho memory, it may bo noticed that the coefneients 
Alt Ca, . . . , Pqj that determine Uio weights, all lie in the 
main diagonal of the second members of the above o{]nations. 
When tho number of unknowns is greater than two, the labor of 
computing all of the A% R*s, etc,, would bo excessive, aiul conse- 
quently it is bettor to determino tlm x’s by tho methods of Chap- 
ter Vll. The essential coefTicients Ai, Z?2, Cz, can bo 

determined indopcjulcntl}^ of the others by tho method of deter- 
minants as will be explained later. 

If the given observations arc not of equal woiglit, t\w weights 
of tho x’s may bo clotcvmiucd !)y a process aimilav to tho nbovo, 
starting with normal equations in tho form of ( 58 ), arlick; fifty. 
The result of such an analysis can bo cxpr(»sscd by ilio rule stated 
above if wo rc])laco tho sums [ns], [bs], . . * , [pa] by tho weighted 
sums [luas], , [leps], the notation being the same as in 

article fifty. 

64. Probable Error of a Single Observation. — By definition, 
article tliirty-sevcn, tho mean error of a single observation is 
given by tlio expression 

n . 

where tho A*s represent the true accidental orrois of tlic s^s. 
When the number of observations is very great, tlie residuals given 


by equation.s (54) may be used iu place of the without causing 
appreciable error in the computed value of But, in most 

practical eases, n is so small that tliis simplification is not admis- 
sible and it becomes necessary to take account of the difference 
between the residuals and the accidental errors. 

Let xiu ^^ 2 , . . . , represemt the true (uTors of tho x\h ob- 
tained by solution of the normal equations (5G). Then the true 
accidental error of tho first observation is given by the relation 
(ail + Wi) + hi (X2 + U 2 ) + ’ ' * + Pi “ Ai. 

But, by the first of equations (54), 

chXi + biX2 + C1X2 + • ‘ • + ViXq - Si = ri, 
where ri is the residual corresponding to the first observation. 
Combining these (H|uations and applying them In succession to 
the several observations, wo obtain tho following expressions for 
the A^s in terms of the r^s: 

ri + ai?^i + 6ia2 + CiKs + • • ’ + PiUq = Ai, 

^*2 + ^^2^^ + ^^2^2 + C 2 U 2 -!-*“•+ P2Uq = A 2 , 

Tn + dnUi + bnU2 + Cn^S + • • • + Pnltq = A„^ 

Multiply each of these (»quatioiis by its r and add; tlio rcjsult is 
[rrl -h [ar] Ui + [6r] U 2 + [c?i Wa + * * * + [p^‘] w, = [Ar]. 

But by equations (iii), article fifty, 

[ar] ^ I6rl = [cr] = • ‘ = [pr] = 0, (v) 

and, consequently, 

[rr\ = [Ar]. (vi) 

Multiply each of equations (iv) by its A and add. Then, taking 
account of (vi), wo have 

[rr] + [ctAl^ii + [5A1 ita + • • ‘ + (??A] = [AA]. (vii) 

In order to obtain an expression for tho u*s in torins of the A^s, 

multiply each of equations (iv) by its a and add, then niultiiily 
by the 6*s in order and add, and so on with tho other cocfTicionts. 
Tho first term in each of these sums vanishes in virtue of (v), and 
wo have 

[aa] ui + [a6] 7^2 + • ‘ ' + [ap] Uq = [aA], 

[ab] Ui + [bb] ^^2 + * ' ^ + [bp] = [6A], 

[ap] ui + [M ^2 + • ‘ + \pp] Uq = [pA]. 
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with tlif 3 replaeocl i^y u'a and iho. (i’s by A’s. Hevicc any soUw 
tion of (50) for tho x's may bo transposed into a solution of (viii) 
for tho ids by replacing tho s’s by A’s without clianging tho coeffi- 
cients of the 8’s. Couscq\icutly, by (89), wo luivo 

- teiAi + a:iA2 + • • - +artA„, 


and similar expressions for the otiior 

The cooffioionts of tlio ^ds in (vii) expand in tltc form 

[aA] — niAi +*a2A2 -p * * * +n«A„. 

Hence 


[ttAl = ai^iAd + a2af2A2^ + ■ * * +a,.o'„A,di 

+ (^1^2 + A 1 A 2 + ‘ ■ * + (aior,j-h o„ai) AiA^ q- . « , 


Since positive and negative A^s aro equally likely to oeevw, tho 
sum of tho terms involving products of A^s with different subscripts 
will be negligible in comparison with the other terms. The .sum 
of tho remaiuing terms cannot bo exactly evaluated, but a sufli- 
ciently close approximation is obtained by ])lacing each of tho A^^s 


equal to the mean square of all of Uicm, Consoquontly, as 

tho best approximation that wo can make, wo may put 


[ad] «, = laa] 


But, by equations (ii), [aa] is equal to unity. 

ed Ml = i-— 1- 
n 


Hence 


Since there is nothing in tho foregoing argument that dopomls on 
tho particular w chosen, the same result would have been obtained 
with any other u. Consequently, m equation (vii), each term tliat 

involves one of the u^s must bo equal to and, since there 
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aro q such terms, the equation becomes 


M + (?f^ = [dd]. 

Hcuco, by equation (iii), 

7iM,^=[rr]+qM,\ 

anrl 


M,= 



Q 


y 


(92) 


where the r’s represent the residuals, computed hy equations (54); 
n is the number of observations ; and q is the numl)er of unknowns 
involved in the observation equations (53). In the ease of direct 
measurements, the number of unknowns is one, and (92) reduces 
to the form already found in article forty-one, equation (30), for 
tile mean error of a singio observation. 

When the observations are not of equal weight, tlie mean error 
Ma of a stamlard observation, i.c. an observation of weight 
unity, is given by the expression 

,,0 + • ♦ • [loAA] 

AJs^ “ » 

71 71 


where the ly^s arc the weights of tlio individiuil observations. 
Starting with this relation in place of (iii) and making correspond- 
ing clianges in otlicr equations, an analysis essentially like tlio 
preceding leads to the result 

= (93) 

y 71 — q 

which reduces to the same form as (92) when the woiglits nro all 
unity. 

Introducing the constant relation between the mean ami probable 
errors, wo have the expressions 

E. = 0.074 , (04) 

y n — q 


for the probable error of a single observation in the ease of equal 
weights, and 

(05) 



for the probable error of a standard observation in tho emso of 
different weights. 

Finally, if iMki amhafc ro])rosent the mean error, the probable 
error, and the weight of Xky any one of the unknown quantities, 
we may derive the following relations from tho above equations 
by applying equations (3G), article forty-four; 

M. . ^ JSI, 

V Wfi V lajt y 71 — q 

„ _ /?. o.r,74./T^ 


( 96 ) 



Ah 


Vw* V wt ' '<■ ~ Q 
* " Vw, ' n-q 


( 97 ) 


when the weights of the given obsorviUioiis nee not equal. 

65 . Application to Problems Involving Two Unknowns. — Wlwu 
the observation equations iiivohas only two unknown quantities, 
t!ic solution of tlio nornmi cqiialion.s is given by (i59), urticio 
fifty-one, in the form 

MlW>J-(a6p ’ 

** [aaj [6i)J - [abY 

By the rule of article sixty-throe, the weight of .Ti is equal to Mie 
reciprocnl of tlie coefiTicie.nt of (as) in the oqualioti for .ri, and tho 
weiglit of X'i is equal to the rcci))roeal of tho ooefneient of [its] in 
tlie ecination for 3 : 2 . Hence, by inspection of tho above equations, 
we have 


— ihhj — ’ 
^ W. 

t««} 


I0i 


(08) 


Since there are only two unkiiowji quantities, and tho observa- 
tions are of ecjual weight, c(|uation (92) gives the mean error of a 
single observation when q is taken cq\ml to two. Ilenco 


M. . (“) 

where n is tho number of obsorvutiou equations and [rr] is tho 
sum of tho squares of tho residuals that are obtained wlicn tho 
computed values of X\ and Xa aro substituted in equations (53a), 
article fifty-one. 

Combining equations (08) and (09) with (90), wo obtain tho 
following exi)rcssions for the probable errors of X) and x%: 


V^'M [hlj -W'n-V 


®2 = 0.074 




Jo'L 

luo) |6]>1 - lah]* ‘ n - 2 


iual 


( 100 ) 


For the purpose of illustration, we will compute the probable 
errors of the values of Xi and Xi obtained 1)1 the nunjorienl prob- 
lem worked out in article fifty-one. Referring to the numerical 
tables in tliat firticle, we find 

\ua] = 5; [a&] = 20; |66] = 90; n = 5; 

[rr] = 9.G0X IQ -*. 


Hence, by equations (100), 


p _or- 7 ii/ 9.00X1 Q~'_ . 

Hi 0.674 V 5 X 90 - 400 ’ o - 2 ^ 


5 X 90 - 400 6 -2 


9.60 X ^ 0.0038. 


By equations (vi), article fifty-one, the length Lo of the bar at 
aiul the coefficient of linear expansion a aro given by tlio 
relations 


Lo 


1000 + rri; o: 


JL ^ 

10* Lo^ 


Since Lo is equal to Xi ])Ius a constant, its probable error is equal 
to that of X\ by the argumout underlying equation (ii), article 
sixty. Hcnec'. 

Kijq ~ lii — it 0 . 016 * 

To find tile probable error of (y, we have by equations (81), article 
sixty, 



But, since Lq is very large in comparison with x* 2 , tho second term 
on tho right-hand side is negligible in comparison with the first. 
Consoqucmtly, without affecting the second significant figui-o of 
the result, we may put 


= EiX 10-“' = ± 0.038 X 10-6. 


Hence the final rc.'jults of tho computations in article fifty-one may 
be more comprehensively expressed in the form 

Lo = 1000.008 rt 0.016 millimoters, 
a = (1.780 ± 0.038) X 10'6, 



which they depend. on 

66. Application to Problems Involving Three Unlmowns.— Thn 
normal equations, for the determination of three unknowns take 
the form ' 

[aa] aJi + [ab] xz + [oc] xs = [as], 

[ab] xi + [bb] Xi + [be] = [bs], 

[ac] .Ti + [be] »2 4- [cc] = [cs]. 

Solving by the method of determinants and putting 

[afl] [ab] [ac] 
lab] [bb] [be] I = D, 

[ac] [be] [cc] 



[bb] [bc]i 


[be] [cc] 

T\ 

+ 



[be] [cc] 

[bs] 

I [aa] [ac] 
[«c] [cc] 


+ N 


D 

I, - • -1 IN N 
= M ! + [i,g] IN] N] 


+ [cs] 

+ N 

H-[cs] 


[ab] [ac] 
[bb] [be] 


Z) ■ ‘“"J ^ 

Hence, by the rule of article sixty-three, 

. -P 

[bb] [cc] - [bc]2' 
D 


D 

I f«b] [be] 

I [oa] [ac] 
D 

[aa] [ab] I 
N] [bb]| 


D 


Wi = 
Wz = 


Nj [cc] — [ac]*' 

Ws = , ^ 

N] [bb] -[ab]* 


(ix) 


(x) 


The deteimiaant D can be eliminated from equations fxl if 
TL''”oktiOT”oT 1,“"'’'““''“* for any om of llio a's. 


The auxiliary [cc • 2] is independent of the ahsoJuto terms (a6j, 
[6s], and [cs]. The auxiliary [cs • 2] may bo expanded as follows: 


[cs.2] 


Ics ‘ 1] - 11^! • 1] 


= {cs] 


(aaj 


[bb^iy 




(6c .Jl 
166.1] 



lienee the coeRieient of [cs] in tlio above expression for Xz ia 

consequently, the weight of Xs is equal to lcc-2]. 

Substituting this value for in the third of equations (x) and 
eliminating D from the other two wo have 


M(66-1) , 
[661Icc] - (6cP*‘^'’' 
• II , ol 

*‘'*^lc-cTT]f“’2l 

Wj = lee . 2], 


2 ], 


(ioi) 


where the auxiliary quantities [66 • 1], [cc * 1], anti [cc ♦ 2j have the 
same significance as in article fifty-four. 

The weights of tlic x’n having been clctcrminccl by equations 
(101), tiieii' probable erroas may be computed by equations (90). 
In the ))rcscnt case ej is taken equal to three, since tlicro arc three 
unknowns, and the r’.s are given by equations (08). 

In tho numerical illustration of Gauss’s Mctliod, worked out in 
article fifty-five, we found the following values of tho quantities 
appearing in equations (96) and (101): 

M = 6; [66] = 220; [6c] = 180; [cc] = 167; 

[66 . 1] = 70; [cc • 1] = 76.0; [cc • 2] = 5.97; 

[rr] = 0.00120; a = 6; q = 3, 


These values have been rounded to three significant figures, when 
necessary, since tlio probable errors of the .x’s are dctsirccl to only 
two significant figures. Substituting in equations (101) we havo 


Wi = 


6 X 70 


220 X 157 
70 


-~-,5.97 = 1.17, 
180 




W} = 5.97. 




Consequently tlio precision of tlio nicnsurcmcnts, so far as it 
dc\wncls on accidental errors, may bo expressed Ijy writing tho 
computed values of the a;’s in the form 

a:, = 0.245 ± 0.012, 

Xi=- 1.0003 ± 0.0057, 
x, = 1.4022 ± 0.0055. 


Since tho last significant figure in each of tho x’a occupies the same 
place as tho second significant figure in the corresponding i)rob' 
able error, it is evidoirt that the proper number of figures woro 
retained throughout tho computations in article fifty-five. 


CHAPTER X, 


DISCUSSION OF COMPLETED OBSERVATIONS. 

67. Removal of Constant Errors. — The discussion of ncci- 
dental errors and the detcrniinntion of their effect on the n^snlt 
computed from a given series of observations, as carried out iw the 
preceding chapters, arc based on the assinnpUoii that the meas- 
urements are entirely free from constant errors and mistakes. 
Hence tlic finst matter of importance, in imdcrtaking the ri’cluction 
of observations, is the clctermination aiul removal of all corrstant 
errors and mistakes. Also, in criticizing published or re])ortccl 
results, judgment is based very largely on the skill and care with 
wliicli such errors have been treated. In the former case, if suit- 
able mctliods and apparatus have been cliosen and the adjust- 
ments of instruments have been properly made, sufficient data is 
usually at hand for determining Iho necessary corrections within 
the accidental errors. In tJio latter wise wo must roly on the dis- 
cussion of methods, apt)amtus, and adjustincnts given hy tluj 
author and very little weight should bo given to iho rcport<Kl 
mcasunanents if this discussion is not (jlear and adequate. 

No evidence can be obtained from Uic observations themselves 
regarding the presence or absence of strictly constant errors. 
Th(j majority of them are due to inexact graduation of scales, 
imp(irfect acljiistmont of instrumemts, ])crsonal peculiarities of the 
observer, and faulty methods of manipulation. They affect all 
of the obscrvatio!is by the satnc relative amount, Tlicir d<dnc- 
tion and correction or elimination depend entirely on tito judg- 
ment, experience, and care of the oi)server and the computer. 
Wlicii the saino magnitude has been measured by a iiumbor of 
different observers, using differont m(Jthods and apparatus, the 
probability that tho constant errors have boon the same iii all of 
the measurements is very small. Consequently if tlu^ corrected 
results agree, witliin the a<icidcntal errors of observation^ it is 
highly probable that they arc frc(i fi‘om constant errors. Tliis is 
the only criterion wo liave for the absence of such errors nncl it 
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breaks clown in somo cases when the mcasiirccl magnitude is not 
strictly constant. 

Sometimes constant errors arc not stricjtly constant but vary 
progressively from obsenvation to obscu'vation owing to gradual 
changes in surrounding conditions or in the adjustment of instru- 
ments. The slow expansion of metallic scales due to the heat 
radiated from the body of tho observer is an illustration of a 
))rogressivc change. Such variations arc usually called ai/slmatic 
errors. They may b(i corrected or eliminated by the same methods 
tliat apply to strictly constant errors when adequate ni(}ans are 
provided for detecting tlicin and determining the magnitude of 
tlic effects produced. Wlion their range in inagnitudc is compara- 
ble with that of the accidental (errors, their prcjsoncc^ can usually bo 
determined by a critical study of the given obsorvutionn and their 
residuals, But, if they have not been foreseen and provided for 
in making tho observations, their correction is gojiorjilly difiiculfc 
if not impossible. In many cases our only recourse is a new scries 
of ol^scrvations iahm under moro favorable conditions and accom- 
panied by adequate inc^ans of evaluating tho systematic orror.s, 

A gonoral discussion of tl)0 )nituro of constant furors and of the 
methods by winch they arc eliminated from single dire(!t observa- 
tions was given in Cluapter III. These in’ocessos will now l)c coa- 
sidcrod a little more in detail and extended to tho aritlmicticfil 
moan of a number of direct observations. Let ai, 03, , , . , 
represent a series of direct observfiiionH after each one of tliom 
has been corrected for all constant errors. Then tho most i)rob- 
ablc valuo that can ho assigned to tho numeric of tho measured 
magnitude is tho arithmetical mean 

Ui + Ua + * * • 4“ 

X — 

Now suppose that the actual uncorrected ol^sorvations aro Oi, 02, 
03, • • • , On, then 

cti = Ui + Cl + Cl” + Cl”' ^ 

a 2 = O2 + C2' + C2" + C2'" + ’ • ■ + = O2 -|- [C2I, 

Ctn = On + Cn + Cn” + c”' + • ' ‘ + == 0 ,,+ [c„], 

where the c*s ropresent the constant errors to bo eliminated and 
may be either positive or negative. Tliero aro as many c^s in 
each equation as tliero aro sources of constant error to bo consid- 



creel. Usually, when all of the observations arc inado by the 
same method and with equal care, the number of is the sam(i 
in all of the equations. Substituting (ii) in (i) 

_ 0 i + O2 + * * * + <?» ■ kil + [C2] + * * * + [Cn\ 

^ n n 

When there arc no systematic errons 

Cl' = C2' = C3' = ‘ * ‘ = On c', 

Cl" - C2" = C3" - * • ^ = Cn" =- c", 

C1^^> = = . . . = Cn^Q) = 

Consequently 

[Cj] - (C2] - Ics] = . * * = \Cn] == [c], (iv) 

and we have 

^ ■ . :+ Jht + [c] 

= o». + c' + c" + c"' + + cM, (102) 

where Om is written for the mean of the actual obsenwations. 
Hence, when all of tlie observations are affected by the same con- 
stant errors, the corrections may be api)lied to tlio arithnictinal 
mean of the actual observations and the resulting value of x will 
be the same as if tlio observations wore separately corrected before 
taking the mean. 

Tho residuals corresponding to the corrected observations ai, 
a2, * i ttn arc given by equations (3), article twenty-two. 

Replacing x and the a's by their values in terms of 0,;, and the 
o*s as given in (102) and (ii), and taking account of (iv), equations 
(3) become 

ri = ai - = Oi H- [ci] — o,n [c] = oi — o„„ 

r2^ CL2 - X - O 2 + N - Orn - [c] =02'- Om, 

nj = On “b [Ct»] Out [c] = On *— Om- 

Consequently, when there arc no systematic errors, the residuals 

computed from the o’s and o^ will be identical with those com- 
puted from the a’s and x. Hence, if tlio uncorrcctcd olxscrvations 
are used in cornputing tJic probable error of x, by the forinula 

g = Q.C74\/— ^ , 

V n{n — 1) 



tlie result will bo the same as it the eorrcctod oliservatioiis had 
been used; and, as pointed out above, the observations and tlieir 
eoiTOsiponding residuals give no evkloiico of tlic prosenee of strictly 
constant errors. 

When the constant errors affecting tlie different observations 
arc different or when any of them are systematic in character, 
ccjuation (iv) no longer liold-s, mid, consequently, the simiililiea- 
tion n.'qircs.sed by (102) is no longer possible. In the former case 
the observations should he individually oorrecled before the mean 
i.s taken. The same result miglit he obtained from liquation (iii), 
but the computation would not be simplifKid by its use. In the 
latti'r ease the several observations arc alTeeted by lirrors due to 
the same causes but varying progressively in magnitude in response 
to more or less continuous vnriiitions in tho conditions under 
which they arc made. 

In equations (ii) the c’s having the .same index may bo con- 
sidered to be due to the same cjiuso, but to vary in magnitude 
from equation to equation as indicated liy lliii sulwcripts. Tho 
aritlunetical moans of the errors due to the same oaiiscs arc 

, c' + C 2 ' -h • • • + c,.' 

« ’ 

„ C." -b C/' -b . . . + Cn" 

“ n ' ’ 

- -I- -b • • • + 

= ) 

and the mean of the obi^ervations is 

^ -h 02 -j“ * * ■ Oti 

Q — • 

n 

Substituting (ii) in (i) and taking account of tho above relations 
Ave have 

^ = 0„i + C,n + €,f/' 

Hence, in tho caso of systematic errors, tho most ])robablo value 
of the nuineno of tho measured magnitudo may bo detained from 
tlio moan of tlio uncorrectod observations by applying moan cor- 
rections for tlio systematic errors. Whon all of tho errors aro 
strictly constant equation (104) bocoTnes identical with (102) 
because all of the errors having the same index ani eciuttb Ohvb 



ously it also holds when part of the c*s aro strictl}' constant and the 
remainder are systematic. 

If we use the value of x given by (104) in place of that given 
by (102) in the residual equations (lOil), the c's will not cancel. 
II(ince, if any of tlie constant enrors are systematic in nature, the 
residuals computed from the o*s and o„, will bo different from 
those comi^utcd from the a*s and x; and, consequently, they will 
not be distributed in accordance with the law of accidental errors. 

In practice it is generally advisable to correct cjach of tho ob- 
servations separately before taking the mcjan rather tliun to use 
equation (104), since the true residuals are njquired in computing 
tlie probable error of x, and they cannot be derived from i\\o un- 
corrected observations. Whenever possible the conditions should 
be so chosen thiit systematic errors arc avoided and tl\cn tho 
nc(5cssary computation can be made by equations (102) and (103). 

68. Criteria of Accidental Errors. — We have seen that tho 
residuals computed from observations affected by systematic errors 
do not follow the law of accidental eri’ors. Hence, if it can be 
shown that the residuals computed from any given scries of obser- 
vations arc distributed in conformity with the law of errors, it is 
probable that the given observations arc free from systematic 
errors or that such cri'ors arc negligible in comparison with the 
accidental errors. Observations that satisfy this condition may 
or may not be free from strictly constant errors, l)ut necessary 
corrections can bo made by equation (102) and tiio probable error 
of the m<?an may be computed from the residuals given by 
equation (103). 

Systematic errors should be very carefully guarded against in 
making the observations, and tiie conditions tlnit produce them 
should be constantly watched un<l recorded during tlie progress 
of the work. After the observations have been completed they 
should bo individually corrected for all known S5"steinatic errors 
before taking tho mean. The strictly constant errors may then 
be n'lnoved from the mean, but before this is done it is well to 
com])utc the residuals and see if they satisfy the law of accidental 
errors. If they do not, search must be made for further causes 
of systematic error in th(i conditions surrounding the measure- 
inents and a new series of observations should bo made, under 
more favorable conditions, whenever sufheient data for this pur- 
pose is not available. 



K(isi(luals, wiien siiinmontiy numerous, louo^v me sjune law ot 
tlistribiitioii as the true accidental rrrors. ConscquciiUy system- 
atic errors and mistakes niiglit be (U^tecled by a cUrccl. eoinparison 
of tlic actual distribution with the theoretical, as carried out in 
article thirty-four, provided tlic number of obsorvatitjus is very 
large. However, in most i)ractical measurements, the residuals 
are not sufHciently numerous to fulfill the conditions iiiuh^rlying 
the law of errors, and a coiisidcral)lc difference bcjtween their 
actual and theoretical distril)Ution is (piite as likely to be duo to' 
this fact as to tlic presemio of systematic errors. Whatever the 
number of observations, a close agreement between theory and 
practice is strong evidence of the absence of such errors but it is 
seldom worth wliilo to carry out the comparison witli less than 
one hundred residuals. 

When the residuals are numerous and distributed in tlio same 
manner as the accidental errors, the average error of a single 
observation, computed by the formula 

Vn {71 — 1 ) 

and the mean error, computed by the formula 



satisfy tlio relation 

;i/ ^ 1.253 A. 

Also the formulai 

Z? = 0.8453 /I and E^0.mr)M 


give the same value for the probable error of a single ohsevvation. 
When the number of observations is limited, exact fulfillmont of 
these relations ought not to be expected, but a largo deviation 
from them is strong ovidenco of the ])rosonco of systematic errors 
or mistakes. Unless the number of observations is very small, 
ten or less, the relations should be fulfilled witliiu n few units in 
the second significant figuro, as is the case in tlio numerical example 
worked out in article forty-two. 

Obviously tho arithmetical moan is inclepondont of tho order 
in which the observations arc arranged in taking it, but tho order 
of the residuals in regard to sign and magnitude depend.s on tho 
order of tho observations. Wlicn ttiorc are .systematic errors and 
tlic observations aro arranged in the order of progression of tlicir 



cause, tho residuals will gradually" increase or decrease in absolute 
magnitude in the same order; and, if the S 3 ^stematic errors aro 
large ill conipaiison with the accidental errors, there will bo but 
one cliango of sign in tho series. Thus, if the temperature^ is 
gradual!}' rising wliile a length is being measured with a metallic 
scale and the observations arc arranged in the order in which they 
arc taken, the first half of them will he larger than the mean and 
the last half smaller, except for the variations caused by accidental 
errors. For the purpose of illustration, suppose that the observar 
tioiis arc 

1001.0; 1000.9; 1000.8; 1000.7; lOOO.G; 1000.5; 1000.4. 

The mean is 1000.7 and the residuals 

d" *3; H”*2; + .1; rb .0; — .1; — .2; — .3 

decrease in absolute niagnitudo from loft to right, i.c., in the order 
in wliich tho observations wore made. There aro five eases in 
whicli the signs of succeeding residuals arc alike and one in wliich 
they are tlifferont; tho former cases will be called sign-follows and 
thc^latter a sign-chaiuje. This order of the residuals in regard to 
magnitude and sign is tyi)ical of observations affected by sys- 
tematic crroi^s wIkui they aro arranged in conformity with the 
changes in surrounding conditions. Since such changes are usually 
continuous functions of the time, tho required arrangemont is 
generally tho order in which tho observations aro taken. 

Such extreme eases as that illustrated above are seldom mot 
with in practice owing to the impossibility of avoiding accidental 
errons of observation and tho complications they produco in tho 
sequence of residuals, Gonorally tho systematic errors that are 
not readily discovered and corrected boforo making further re- 
ductions aro comparable in magnitude with the accidental errors. 
Consequently they (lannot control the sequence in tho signs of 
the residuals but they do modify tho sequence characteristic of 
true accidental errors. 

In any extended series of obsorvations there should bo as many 
negative residuals as positive ones, since positive and negative 
errors are equally likely to occur. After any number of observations 
liavc been made, the probability that the jrcsidual of the next obser- 
vation will be i>ositivc is equal to the probability that it will bo nega- 
tive, since the possible number of cither positive or negative errors 
is infinite, Consequently the chance that succeeding residuals 



will iuivc tiui same uu tinj uii 11.1. uiliLu Liiuy will nave 

different signs. Ii(?nc(i, if llie residuals avo arvangctl in tho order 
in whieli the coiTcspoiuling obsorvalions wero made, tiie luimher 
of sign-follows slioukl be equal to the number of sign-changes. 

The residuals, coniiiiitcd from limited series of obsia’vations, 
seldom exhibit the theoretical sequence of signs exactly Ijceausc 
tiioy are not sudieicntly numerous to fulfill the inulerlying condi- 
tions. Nevertheless, a marked departure from lliat sequence 
suggests the prescjice of systematic errors or mistalais and should 
lead to a careful scrutiny of the observations and the conditions 
under which they were made. If the disturbing causes cannot bo 
<lctected and their effects eliminated, it is generally ailvisaide to 
repeat the observations under more favorable conditions. 'J'ho 
numerical example, worked out in article forty-two, may be cited 
as an illustration from practice. The observations wore made in 
the order in wliich tliey arc tabulated, beginning at the top of the 
first column and ending at the bottom of the fourth column. In 
the second and fifth columns wo find ton iiositivo and ton negative 
residuals. The number of sign-follows is ten and the mimbor of 
sign-changes is nine. This is ratlicr l)cttor agreement with the 
theoretical sequence of .signs than is usually obtained with so few 
residuals. It indicates that the observations wore made under 
favorable conditions and are scnsilily free from systeiuatie onovs 
but it gives no evidence whatever that strictly constant errors 
are alisent. 

Altliough the foregoing criteria of accidental errors are only 
approximately fulfilled when the uumhev of observations is lim- 
ited, their application frequently leads to the dotoidiou and elimi- 
nation of unforeseen systematic citoys. Tho first method is railier 
toflious and of little value when less Umn one hundred obser- 
vations arc considoved, but tho last two methods may be easily 
carried out and are generally oxiiefc enough for tho dotcotiou of 
systematic errors comparable in magnitude with the jirobablo error 
of a single observation, 

6 p. Probability of Large Residuals. — In discussing the dis- 
tribution of residuals in regard to magnitude, tho words largo and 
small arc used in a comparative seaso. A largo residual is ono that 
is large in comparison with the majority of residuals in tlio series 
considered. Thus, a residual that would bo classed as largo in a 
series of very precise observations would be considered small in 



dealing with less exact observations. Consequently, in expressing 
the relative magnitudes of residuals, it is customary to adopt a 
unit that depends on the precision of the ineasurenumts considered. 
The ])robal)l(i error of a single observation is the b(?st magnitudo 
to adopt for this purpose, since it is groato than one-half of tiic 
errors and less than the other half. If we represent the relative 
magnitude of a given error by S, the actual magnitude by A, and 
the probable error of a single observation by 

« = |- (105) 


The relative magnitudes of the residuals may be re])rescnted in 
the same way by rcplueiiig the error A the residual r. It i« 
obvious that values of *S less than unity correspond to small re- 
siduals and values greater tlian unity to large residuals in any 
scrip's of observations. 

In equation (13), article thirty-three, the probability that an 
error chosen at random is less than a given error A is expressed 
by the integral 

(13) 

VTrt/O 


Equation (25), article thirty-eight, may be put in the form 
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where 0 is written for the numerical constant 0.47694. 
introducing (105), 
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and (13) becomes 
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Hence, 


(106) 


Obviously this integral expresses the probability that an eri-or 
cfioscu at random is less than S times the probable error of a 
single observation. It is independent of the particular series to 
which the observations belong and its values, corresponding to 
a series of values of the argument arc given in Table XII. 

Since all of the errors in any system nro less than infinity, 
is equal to unity. Hence the probability that a single error, 



chosen at rauaom, is grenuor o uiuiv-a -u lo 
tion 

<3. = 1 - P.. 


ijy mo roia- 


(v) 


Now tlifi rcaifluals, wlicn aufficictilly numerous nnif freo from 
systematic errors and mistakes, should follow the snme distri- 
bution as the accidental errors. Hence, if n, is the luimher of 
residuals numerically greater than SE and N is the total uumher 
in any series of observations, wo should have 

<3. = (vi) 


Since the numerical value of P^, and consequently that of Q, 
depends only on tho limit S and is independent of tho precision 

of tho particular series of measuromeuis considorccl, tlio ratio ^ > 

corresponding to any given limit should bo tho stuno in all 
ciiscs. Conscquontly, if N observations have boon nuulc on any 
inagniiuclo and by any luethod whatovor, Ua of tiiciii should eorre- 
spoiid to residuals numerically greater than Sli, Convoisclyj if 
wo assign any arbitrary number to equation (vi) dofincs tho 
number of observations that wo should oxiioct to make without 
exceeding tho assigned number of residuals greater than SE. 
Hence, if iV<, is the number of obsenwatious among wl\iel\ there 
should bo only one residual greater tlian S tinuis tho probable 
error of a single observation, wo liave, by placing Ua equal to 
one in (vi)> and substituting tho value of Qo from (v), 


jy = J- = ^ - 

Q. i - Pe 


( 107 ) 


Tho fourth column of tho following table gives tho values of 
to the nearest integer, corresponding to tho integral values of tho 
limit S given in the first column. Tho values of in llio second 
column arc taken from Tablo XU, and those of in tho third 
column are computed by equation (v). 


s 


Qi 


1 

0.60000 

rt .50000 

2 

2 

0.82200 

n.1773'1 

0 

3 

0.95008 

0.0‘I302 

23 

1 

0.09302 I 

0.00008 

M3 

5 

0.09920 1 

0 00074 

1361 




To illustrate the significance of this table, suppose tliat 143 
direct observations have been inudo on any nxagnitudo by any 
method ^vllatcvel^ 'J'he probable error B of a single observation 
in tills series may be computed from the residuals by equation (31) 
or (34). Then, if the residuals follow tiie law of errors, not more 
than one of them should be greater than four times as largo as E, 
If the number of observations had boon 1851, we should expect 
to find one residual greater than five timcis and on tlic other 
liaud if the number had been only twenty-three, not more than 
one residual should be greater than three times E. 

Although tlu> probability for the occurrence of largo njsiduals 
is small, and very few of them should occur in limited scries 
of observations, their distribution among tlio observations, in 
respect to tha order in which they occur, is entirely fortuitous. 
A larger residual is as likely to occur in the first, or any otlior, 
observation of an extended series its in the last observation. Con- 
scqmmlly tlie limited scries of observations, taken in iiractice, 
frequently contain abnormnlly large residuals. Tliis is not due 
to a departure from the law of errors, but to a hick of sufficient 
observations to fulfill the theoretical conditions. In such cases 
there arc not cnougli observations with norinal residuals to bahiiico 
those with al>normally large; ones. Consequently a closer approxi- 
mation to tile arithmetical moan that would have been obtained 
with a mor<; ext(mded series of obscrvatiotis is obtained when the 
abnormal observations are rejected from the series before taking 
the mean. 

Observations should not be rejectcid simply because they show 
large residuals, unless it can be shown that the limit set by the 
tlicory of errors, for the number of observations considered, is 
exceeded. 1'his can be judged ai)])roximat(;ly by conqmring tho 
residuals of the given observations with the numbers given in the 
first and last columns of iho above talilc, but a more rigorous test 
is obtained by a])plyiiig Chauvenet^s Criterion, us explained in tho 
following article. 

70. Chauvenet’s Criterion, — Tho probability that the error 
of a single observation, chosen at random, is less than SE is 
expressed by P 9 in equation (106), Now, the taking of N inde- 
p(;ndcnt observations is equivalent to N selections at random from 
tho infinite number of possible accltlental errors. Henoe, by 
equation (7), article twenty-throe, tho probability that each of 
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SE is eciaal to Sinco all of tlu; N orrors must be either greater 
or less than SE, the iJrobalMlity that at least otic of them is greater 
tliari this limit is equal to I — Placing this probability 

equal to ouft-hnlf, wo have 

or 

P.= (1-^F. 

If the limit 8 is dotermined by this equation, thoro is an oven 
chance that at least one of tlie N observations is aff(!cled by an 
error great(a' than SE. 

Expanding the second member of (vii) by the liiuomval Theorem 

/, I _ (il~ - 1) 1 _ 

y~2l “ ^ N'2 i'2-A'2'4 l*2-3‘iV’ 's 

(A^- l)(2Af- 1) . . . {(/’C-DiV - I! (lY 
1.2.3 . . . '\2I • 


The terms of this series decrease very rapidly and all but the first 
aro negative. Consequently the sum of Iho torims beyond the 
second is small in comT)arison with tho other two; and, whatever 
X 

the value of AT, (1 — is nearly cqv\al to, but always slightly 

f 2 A^ — 1 ) 

less than, ^ . Sinca P, and S increaso togothor, the limit 
T determined by tho relation 


P,.= 


2 7V- 1 
2 7V 


(108) 


is slightly greater tlwn tho limit. S determined by (vii), lienee, 
if N independent direct observations have been made, the prob- 
ability agsunst the occurrence of a single error greater than 

Aj. = TE (109) 

is greater than the, probability for its occurrence. Conseqvwntly, 
if tho given series contains a residual greater than Aj., the prob- 
able precision of tho arithmetical moan is incrciiscd by excluding 
the corresponding observation. 


Equations (108) and (109) cxi^rcss Chauveiict^s Criterion for the 
nijoction of doubtful observations. In applying them, the prob- 
aljlc error E of a single observation is first computed from tlio 
residuals of all of the observations by cither equation (31) or the 
first of equations (34) witli the aid of Ta))lo XIV or XV. If any 
of the re‘.si<luals /qjpear largo in comparison u'ith t)iC computed 
value of E, Ft is determined from (108) by placing N equal to 
the number of observations in tlie given series. T is tli 0 J\ obtfiincd 
by intcrjiolation from Tabic XII, and finally is computed by 
(100). If one or more of the residuals arc greater tlmn the com- 
5)uted A 7 ^, the obscjrvation corresponding to the largest of them is 
excluded from tlui scrii’s and the process of apply itig the criterion ih 
re])eatcd from the beginning. If one or more of the new residuals 
c'Ho greater than the new value of A^*, tlic observation corrcspoj)d- 
ing to the largest of thorn is rojecte.d. Tliis process is repc^ated 
and ol^.^orvaiions rejected one at a time until a value of is ob- 
tained tiiat is groat<’.r timn any of the residuals. 

When more than one residual i.s greater than the computed 
value of Ay, only the observation corn^simiuling to tlie largest 
of tlicm should be rejected without further study. The rejection 
of a single observation from the given senies cliaugos the firith- 
mctical meai), aiul lienee all of the residuals and the value of E 
computed from them. If r and r' are the re.siduals (jorresponding 
to the same observation bcfoixi and after the rejection of a more 
faulty observation, and if Ay and A/ are tlic corresponding 
limiting errors, it may happen that / is less than Ay', althougli r 
is greater than Ay. Honco the second ai)]dication of the criterion, 
may show that a given observation sliould be retained notwith- 
standing the fact that its residual was greater than the limiting 
WTor in tlic first application, providerl iin observ/ition with a 
larger rcvsidual was excluded on tlio fir.st i riul, 

To facilitate the computation of Ay, the values of T corre- 
sponding to a number of different values of N liave licen 
intcrpolat('d from Table XII and ontcrod in the second column 
of Table XllT. 

Eor the ])urpose of illustration, suppose that ten mieromcler 
settings have been made on tlie same mark and recorded, to the 
nearest tenth of a division of the micrometer hciul, as in tlie first 
column of the following table. 



Oba. 

r 

r* 

2.667 

2.659 

2.656 

2.652 
2.651 

2.653 
2.555 
2.6^18 

2.654 

2.657 

-h0.0038 
-f 0.001)8 

-o.oo:)2 
-0 0012 
-0 0022 
-0.0002 
-0.0072 
-0 0012 
-1-0.0018 

'1-0.0051 

H-0.0021 

-0.0020 

-0.0000 

H-O.OOll 

-0.0060 

-1-0.0001 

-1-0.0031 

X - 2.6652 

Ir] = 0.0301 

Jr-l = 0.0231 

2.6639 

E = 0.0032 

.B' = 0.0023 


T = 2.01 

T = 2 XI 


A7’ = 0 0093 

Ar' = O.OOUf) 


Tho residuals, cojnputccl from the menu a:, are k’ivcmi uuder r. 
The probable error E, computed from (?) l)y tho first of eqsiations 
(34), with tlie aid of Table XV, is 0.0032, Tho value of T eoire- 
sponding to ton obsorvatious is 2.01 from ialdo XIII, aud the 
limiting error ^T is oqmd to 0.0003. Since this is le.ss than tho 
residual 0.0118, tho corresponding oixservation (2.607) should bo 
rejected from the series. 

The mean of tho rctnincid observations, a-'i', is 2.5530, and the 
corresponding residuals arc givou under in tho third column of 
the above table. Tho now value of tho limiting error (Aj-')) com- 
puted by tho same method as above, is O.OOG5. Since none of 
the new residuals are larger than this, the nine oli.sorvations left 
by the first application of tho criterion should all bo retained. 

7 T. Precision of Direct Measurements. — Tho first step in 
tho reduction of a scries of direct observations is tho correction 
of all known system.atic errors and tho tost of tlio comiiletcnoss of 
this process by tho criteria of article .sixty-oight. In general, tho 
systematic orrovs roproannt small varlation.s of otherwise eonslant 
errors; and, in making tho jirclhninavy corroetions, it is best to 
con.sider only this variable part, i.e., tho corrcistious arc so applied 
that all of tho corrected oljscrvations arc left with exactly tho 
same constant errors. Thus, supiKJSC that tho lempt'rature of a 
scale is varying slowly during a series of observations, and is 
never very near to the temperature at whicli the scale is standard. 
It is better to correct each olxscrvation to tho mean tcm])oraturo 
of tlio scale and leave the larger correction, from moan to standard 


tcmpcnituro, until it (tnn be applied to the arithmetical mean in 
connection with the corrections for other strictly constant errors. 
This is because the systematic variations in the Icngtii of the 
scale are so small that the unavoidable errors in the o])yervccl 
temperatures and the adopted coefficient of expansion of the scale 
can produce no appreciable cftccfc on the cor;*cctions to mean 
temperature. The effc^ct of these errors on the larger correction 
from mean to standard ten n pern tu re is more simply treated in 
connection with the arithmetical mean than with the individual 
observations. 

Lot oif 02 i On represent a scries of direct observations 

corrected for all known systematic errons and satisfying tluj 
criteria of accidental errors. We have scon that the most prob- 
able value that we can assign to the numeric of the nioasurcd mag- 
nitude, on the basis of sucli a scries, is given by the relation 

+ + ( 102 ) 

where Om is the arithmetical mean of the and tho c’s represent 
corrections for strictly constant erroi's. If the c^s could be deter- 
mined with absolute accuracy, or even within limiting errors Unit 
an^ negligible in comparison with the accidental errors of tlic 
the only uneortaiiity in tho above exprcssioji for x would be t))at 
due to tho accidental error of Om* Honc(3, by equations (103), if 
Ex and Em are the probable errors of x and o„,, rosi)ectivcly, wo 
should have 

i’.-E.. 0.074 (1,0) 

If we follow the usual practice and regard tlio probable error of a 
quantity as a measure of the accidental errors of the observations 
from which it is directly computed, equation (110) still Imlcls 
when the accidental errors of the c*s are not negligible; but, as wo 
shall see, Ex is no longer a complete measure of tho precision of x 
in such cases. 

In practi{;e each of the c*s must be computed, on theoretical 
grounds, from subsidiary observations with the aid of physical 
constants that have been previously determined by direct or 
indirect measurements. For the sake of brevity tho quantities 
on which the c's depend will be called correctioji factors. Since all 
of them are subject to accidental errors, the computed are 
affected by residual errors of indeterminate sign and magnitude. 
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When the probable errors of the correction fiuaors arc known the 
probable errors of tlio c's may be coinpnlcd by Uio laws oP propa- 
gation of errors witli tlic aid of the correction fonnnUo by which 
tho o’s are dotcrinincd. 

Equation (102) gives x as a continuous sum of and tlio c^s. 
Consequently, if wo represent tho probable errors of tho c’s by 
Bi, B 2 , ■ » • , respectively, wo have by eciualion (7b), article 
fifty-eight, 

+ /?iH- ' ’ • (111) 

wnero lt;o is tlie resultant probal)lo error of x duo to tho correspond- 
ing errors of and the c'h. To distinguish lix from the probable 
error Bx, which depends only on tlic aecidontal error of wo 
shall call it tlic precision 7neasure of x. 

Although equation (111) is simple in form, tho sopiirato compu- 
tation of the B^s, from tho errors of the correction factors on which 
they dei>cml, is frequently a tedious process. M<iroovev several 
of tlio c^s may depend on the same dotormining quantities. Con- 
sequently the computation of x and liz is frequently facilitated by 
bringing tho correction factors into the equation for x explicitly, 
rather than allowing them to remain implicit in tiio c^s. Thus, 
if o:, 3, . • . ) p roproscut the correction factors on xvhioli tho c*s 
depend, cquatiou (102) may be put in tho form 

a: = B(o,H,or,/3, , . , , p). (112) 

Hence, by equation (81), articio sixty, 



where B«, Bp, etc., aro tho probable errors of a, /?, etc. 

For example, suppo.so ttiat Om represents tho menu of a num- 
ber of observations of the distance between two parallel lines 
expressed in terms of tho divisions of tho scale u.sed in making 
the mcasuromonts. Let ii rci)rcscnt tim mean temperature of tlio 
scale during tho observations; L tho moan length of tho scale 
divisions at tlic standard tomperaturo ky in terms of tlio chosen 
unit; a the coefUcicul of expansion of the scale; and (3 t!\o angle 
between tho scale and tho normal to the lines. Thon, if the 
individual observations have been corrected to moan tnm]ioraturo 
before computing the mean observation tho best approxima- 



tion that wc can make to the true distance between the lines is 
given by the expression 

X - OrJj \ 1]+ oi (^1 — /o) j 


in which tlie correction factors L, a, iu <ukI Iq appear cx])licitly • 
as in the gcmcral eejuation (112). A more dctaihjd discussion of 
this example will be found in article seventy-three. 

If W(i represent the se])aratc eff(!cts of the errors E mj Eaj • • • j 
/?p ou the error Rz by Dm, Da, D^, , D„, respectively, we 

have 


a/T 

D = ■ '■ ■ 7^ 

dOfu 


dF 


D. - 


(114) 


and (113) becomes 

R,^ = Z)„; + /)„* + +••• H- D^ (116) 


In some eases the fractional effects 






a: 


can be more easily computed numerically than the corresponding 
D’s. When this occurs, the fractional precision measure 

Pz^ = ^' = Pm^ + + Ptf* + • • • + P/ (116) 

is first computed and then Rz is determined by the relation 

Rz = x>Pz. (117) 


While oriuations (112) to (117) are apparently more complicated 
than (102) and (111), they generally lead to more simple niiinorical 
computations. Moreover the probable errors of some of tho 
corrootiou factors are frequently so small that they produce no 
appreciable effect on Rz. When either equation (115) or (116) is 
used, su<!h cases arc easily recognized bceau.so the corresponding 
D’r or P's arc negligible in comparison with Dm or P,„. Obvi- 
ously the same condition applies to tho P’s in equation (111), but 
the numcricai computation of either the D’s or the P’s is generally 
more simple than that of the P’s in (111) because approximate 
values of o,„ and the correction factors may be used in evaluat- 
ing tho differonlia! coefficients in (IH). The allowable degree of 
approximation, the limit of negligibility of tho D’s, and some other 



actaiis 01 tJio uuiiiiiittatii/ii niui'C! oxionsivcly 

ill the next nrticlo. 

If tlio true iiuiiUM-it; of llui mc;isiu<Ml iim>;iiil.uilti is reiucscntod 
by X, tlio final iTsiilL of ii soric-s of diioel mrasnn'iiuiniH may bo 
cxprcssail in tbo form 

X - Xrh (llg) 

whnrc x is the inosl value lluil can l>(» assi^iuMl lo .Y on 

tlio basis of tlio ^iven oi)sc’rvatiuus, niul A^ is tlin pn'eision ineaHino 
of X. In imictico x may ruiniaitrd by ('itbar eiiuatiun (102) 
or (112), or tho aritlunetieal luc'aii of (Ik* iiKliviilually cDm'iilcd 
observations may ba lalasi, ntnl l\\ is kinmui by (s|ualiuiis (111), 
(115); or (117), tlK> etioieo of methods fli^iuMidiuK oii the niilnrc 
of Uio given (lata and ttiu ])n*f(‘rt‘iie(^ of tluj ('oni]HiU‘r» 

Tho exact mg^i(i(’ml(!(^ of e(iuu!ioii (IIS) shoulil lu* emcfuHy 
borno in mind, and it ahould be used only when IIkj iiujilied coiulb 
tions have been fulfilhsK Hriefly Hlatu<l, lh(\st? eouditions arc ns 
follows: 

ls^ Tho accid(Milid (errors of IIk^ obscavatious on which z 
depends follow tlui g(suwal hiw of sueli (‘irors. 

2nd, A can^fnl study {)f tho luethotls aiul a])])anitus used has 
boon made for tho purpos^^ cjf clobadiiig all sources of constant 
or systojnalic errors and a))plying the neeessijiy emTeelirajs. 

3rd. Tho given value of x is tlu^ most pn}l)abh' (hat can bo 
computed from tho obsevviitioiiH afUa* all (constant lUTors, sy.slem- 
atic errors, and misluk{\s liavo been ns (‘ompUdrly removed as 
possiblo. 

4ih. T)io re.siiUant elTeet of nil sourres (;f error, wlaUher acci- 
dental errors of observation or resitluul e.rrors left by tlie correc- 
tions for constant errors, ih tis lilady to bo h‘ss than Hx as greater 
than Rx. 

The expressions in tlu^ form X -- x zb AA, used in preceding 
clmpfcoi’s, aro not violations of (he ab(H'(.‘ pruuMph^s lK?e/aisc, in 
those eases, wo wnrci disciussiug oidy th(< (*(Tei.is of accidental 
errors and tho observations wenj assunu'd to be free from /ill con- 
stant errors and mistakes. Hiieh hh!al (^unditions noviw occur in 
praoticc. ConscqiKmtly /ix should not b(^ rephieisl by Rt in 
expressing tho msult of actu/il measun'mi'uls in ihe form of equa- 
tion (118), unless it can bt* shown by (‘(ju/dion (I IT)), /oul tlic given 
data that tho sum of tho HCjunreH of tin* D^h corresponding lo all 
of tho correction faetors is negligiblu in compurioou with 


In the latter ease Ex and Hx are iclcntiea! as may be easily seen 
by comparing equations (110), (111), and (Ho). 

72. Precision of Derived Measurements. — When a desired 
numtnic A^'o is connccteil with the numerics Xi, A^ 2 , . . . , A'',^ 
of a number of directly measured magnitudes by the relation 

the most probable value that wc can assign to A'‘o is given by the 
expression 

a'o = Eixux^y . . . , (1-^9) 

whore the .t*s are the most probable values of the with corre- 
sponding subscripts. Each of the component .r*s, together with 
its precision measure, can bo computed by the methods of the j^ro- 
ceding article. The precision measuro of a’o may bo con\i)atod 
with the aid of equation (81), article sixty, by replacing the 7?’s in 
that cquatior\ ]>y the R's willi corresponding sub.scripts. 

Sometimes the numerical coin])utati(>ns arc simplifKMl and the 
discussion is clarified hy bringing the direct observations and the 
correction factors explicitly into the expression for Xq. If Ou, 
^6, . . . , Op arc the arithmetical means of the direct observa- 
tions, after correction for systematic errors, on whicli xi, x- 2 , . - • ? 
Xg n»s|)cclively dci)cnd, and a, . . . , p arc the correction 
factors involved in the constant errors of tlic observations, equa- 
tion (H9) may be put in the form 

.To = 0(Oa,Ob, . . . , 0,„ rt, /3, . . . , p). (120) 

The function 0 is always determinable when the function F in 
(119) is given and the correction formulae for the constant errors 
are known. 

Re])rcsenting the precision measure of a'o by /?a, and adopting 
an obvious extension of the notation of the j^receding article^ wc 
have, by equation (81), 



Introducing the separate effects of tlic i?’s, 


n _ . • D — F ' 

Uq — — i . ♦ . , Up— 


dOn 




( 122 ) 


(121) Ixicoincs 

IW = + !>!,= +••• + -h 7),* + + • • • + 7)/. (123) 



p . /> -H". p - . p 

Pa--,.. . >ir,- ta- ... 

nnd tho fractioiiul precision measure of .ro is given by tlio relation 

;V =^= + Pi^ + ...+Pp^ + PJ + ^ V + • • • + P,^ (124) 


When tho nuincrioal computation of the P'a is simpler tlian that 
of the D'Si pQ is first comput(?cl by equation (124) and tiien Ito 
is dciterininod by tho relation 

Rq — ‘TyP(||. (125) 


Tho expression of tho final result of tho obsorvatioris and com- 


putations in the form 


Xq = »To db Rq 


has exactly tho same significanco witii rcspoct to A^'o, .To, and Rq 
that (118) luis with respect to A, x, and Rz> It .should not bo 
used uivtil all of the underlying coiulitions have been fulfiUod as 
pointed out in the preceding article. Cemfusiou of tho precision 
moasuro Ro with tho probable error Bo, and insufficient rigor in 
oUminating constant errors have led n\any exporimouters to an 
entirely fictitious idea of the precision of their mensuvoments. 

Wlicn the correction factors are cxpU(ntly oxjne.swHl in tho 
reduction formuhe, as in cquation.s (112) and (120), Uio only 
(liffcrenco between tho (jxpressions for direct and derived measuro- 
ments is seen to lie in tho greater number of directly ob.served 
quantities, Oa, Oi,, etc., tlmt appear in the latter oquation. The 
same methods of coniputation arc available in both ca.sos and tho 
following remarks apply eciually well to either of thoin. 

For ])ractical ))urposcs, the precisio*i incasuro R is oom])utcd 
to only two significant figures and tlic corresponding x is carried 
out to tho place occupied by the second significant figure in R, 
The reasons underlying tliis rule have boon fully discussed in 
article forty-three^ in connection witli tho probable error, and 
need not be rci)cated here. In computing the mnuorical value 
of tho differential cocfTicients in equations (113), (114), (121), and 
(122), tho observed components, Oa, 06, etc., and tho covroo- 
tion factors, a, j3, etc., avo rounded to ti\rco significant figures, 
and tlioso that affect the result by less tl\an one per cent arc neg- 
lected. This degree of approximation will always give It within 



one unit in the second signiGcant figure and usually decreases tiio 
labor of computation. 

Generally the components Oa, Ob, etc., rcprt?sent tlio nrltli- 
mctical means of scries of direct observations that tiave been 
corrected for systematic errors. In such cases ilie corresponding 
probable errors £*6, etc., can be computed, by equations 

in the form of (HO), from the residuals determined i)y equations 
in the form of (103), with the aid of the observations on which 
the o*s depend. If the observations arc sulfieieiitly numerous, 
the computation of the E's may be simplified by using formulae 
depending on the average error in the form 

= 0.845— ^1-^. (34) 

n Vn — 1 

where [f] is the sum of the residuals without regard to sign and n 
is the number of observations. If tlie obser vations on which any 
of the o^s clc]}cncl are not of equal weight, the general mean should 
be used in place of the arithmetical mean and the corresponding 
probable errors sliould be computed by equations (41), (42), or 
(44), depeuding on the circumstances of the obser vations. 

The 0^3 in equation (120) are supposed to rc))rcscnt simultane- 
ous values of the directly observed magnitudes. When any of 
these quantities are conlinuoiis functions of the lime, or of any 
other independent variiil)lcs, it frequently happens tliat only a 
single observation can be made on them that is simultaneous 
with the other components* In su(4i eases this single observation 
must be used in place of the corresponding o in (120), and its 
])robablo error must be determined for use in equation (122). 
For the latter purpose, it is sometimes iiossiblo to mako an auxil- 
iary series of observations under the same conditions that pre- 
vailed during ilxa siuuiltaucous nicasuremeuts except that the 
indep(uidcnt variables arc controlled. Tlio ro(]uircd E may be 
assumed to be equal to tlio probable error of a single observation 
in the auxiliary scries. GonseC|ucnlly it may bo computed by 
formuloB in the form, 

E = 0.674 V 4^. 

V — 1 

frl 

E = 0.845 — -.=U=., 

Vn (n ” 1) 


or 



the eorvospoiuliug residuals. In tionie c.iiscs Ihus siui])lo expedieut 
is not availai)le; and a]>proxiniate values must he iissigt\ed to tho 
73's on theovetical grounds, depending on the uaUire of the meas- 
urements; or more or less extensive exi^erinuM\tal investigations 
must be undertaken to detovmino their values move i)Vocisely. 

Such invest ignlions are so various in charaetev and their utility 
(lopencls so much on tl)c sldll and ingenuity of the exporimeutor, 
that a detailed general discassion of tliem would bo impussild(j. 
T])cy may be illiistraled by the following very common case. 
Suppose that one of tho components in ociuaiion (120) repro- 
stmts the gradually clKiiiging tempera turn of a batli. Tn com- 
puting .Ty wc must use the thormoinoUn* reading Ot taktui at llio 
time the otlmr componctiis arc observed. Tlie orror.s of the fixed 
points of the ihenuometer and its calibration errors enter tlio 
equation among tho correction factors a, /5, etc., and do not con- 
cern us in the present discussion. In order to dotennino tlie 
probai)lo error of o/, tho tcin])eratiirc of tho bath may bo caused 
to rise uniformly, llirough a range Unit includes Ot^ l)y ))assing a 
constant current ilirough an electric tiealing coil, or tlio batli 
may be allowed to cool off graclimlly by radiation. In either case 
the rate of change of temperature should bo nearly llic same as 
prevailed when Ot was observed. A .series of corro.sponding ob.ser- 
vatioiis of tho time T and tho tomperaturo t arc maclo under 
theso conditions, and tho ompirical relation between T and i is 
determined graphically or by the method of least squares. Tlio 
probablo error of Ot may bo assumed to bo equal to the ))robablo 
error of a single observation of t in this series, and may bo com- 
puted by equation (91), article sixt 3 '-four. 

Some of tho correction factors a, /?, etc., appearing as com- 
ponents in equations (112) and (120), represent subsidiary obser- 
vations, and some of them represent ph^^sioal constants. The 
subsidiary observations may bo treated by tho metliocls outlined 
above. When tho highest attainable precision is desired, tho 
physical constants, together wltii their probable errors, must bo 
detcrinined by special investigation. In less exact work they 
may be taken from taldcs of physical constants. Such tabular 
values seldom correspond exactly to tho conditions of tho experi- 
ments in hand and their probable errotvS are seldom given. 
Generally a considerable range of valuos is given, and, unless 



there is cleOnitc reason in the experiiiKintal coiulitioiis for tho 
selection of a particular value, the mean of all of them slioukl bo 
adopted and its probabhi error placed equal to one^half the range 
of the tabulur values. The deviations of the tabular values from 
the mean are due more to differences in experimental conditions 
and in tho material treated than to accidental errors. Conse- 
quently a i^robublo error calculated froni tho deviations would 
have no signifuianee unless tiwsc dilTovcnccs co\ikl be taken into 
account. The selection of suitable values from tables of physical 
constants requires judgment and experience, and the general 
statements above should not be blindly followed. In many cases 
the original sources of the data must bo consul led in order to 
dctern\inc the values tliat most nearly satisfy the conditions of 
the experiments in hand. 

In good practice th(i conditions of the experiment are usually 
so arranged that tbe D\s, in equation (123), corresponding to tho 
direct observations Oat Ob, etc., are all equal. None of tlie 
corro.sponding to correction factors should be greater than this 
limit, but it aometiuies happCMis timt .some of them arc much 
smaller. Since ffo is to 1)C computed to only two significant 
figun^s, any single D whicli is less than one-tenth of tlic average 
of the other D’s may be neglected in the eoin])utatioii. If tho 
sum of any number of D'a is less tlmn onc-tonth of tlio average 
of the n^mainiiig they may all bo neglected. A somewhat 
more rigorous limit of rejection can bo developed for use in plan- 
ning ])roi)os(^d measurements, but it i.s scarcely worth while in 
tho present connection since tho correction factors and all other 
quantities must be taken as they occurred in tho actual measure- 
ments, and negligible 7)’s arc very easily diathiguishcd by ins]Jee- 
tion after a little experience. 

Aft(n’ 7^0 has been determined, Xo may bo computed iiy either 
equation (119) or (120). If (119) is used tho must first bo 
determined by (102) or (112). Sometimes the computation may 
bo facilitated by using a modification of (120), in which some of 
the correction factors appear explicitly while others are allowed 
to remain implicit in the x*s to which they apply. Such cases 
cannot be treated generally, but must be left to tlio ingenuity of 
the computer. Whatever formula is used, tho observed quanti- 
ties and the correction factors should ))c expressed by sufficient 
significant figures to give tho computed Xq within a few units in 



siouaUy Uic loiai cucci, oi ono or inoic ui unu cui i uuoion laciors is 
Jess thau Unis limit aucl may be iicglectecl iu the eoinpututiou. Fov 

a single factor, say this is the case when —rt is less than ~ 

73 * Numerical Example* — The following illustration repre- 
sents a scries of measurements taken for tire purpose of cali- 
brating tho interval betn^een the twenty-fifth /incl seveuty-fifDi 
graduations on ii steel scab sui)posc(l to be divided in conliinclLMvs. 
The observations were nmde with a catliotonioLer provided with 
a brass scab and a vernier reading to one ono-thousandth of a 
division. Ono division of tho level on this instrument eone- 
spoiids to an angular deviaUon of 3 X 10'*'^ radians, and tlio ad- 
justments wero all well within this limit. The .sUh)I scale was 
placed in a vertical position with tho aid of a plumb-lino, and, 
since a deviation of onc-lialf millimotor per rnoLcn* could have 
been easily detected, the error of this adjustmoiit di<l not oxcecd 
6X10“"* radians. Consequently tho angle between the two 
scales was not greater tliaii 8 X radians, and it may have 
been much smaller thau this. The temperature of tho scales was 
(Ictormiucd by mercury iu glass thermomeUu’s liaugiug in loose 
contact with them. Tho probable error of tlicsc ilolenni nations 
was estimated at fivc-tcuths of a degree centigrade, duo partly 
to looseness of contact and partly to an impovfoct Icnowlodgc of 
the cnliljration errors of tho thermometers. 

Twenty independent ob,sorvalions, wliou tested b}' blio last 
two criteria of article sixty-iOglit, showed no ovidonco of tlio i)rcs- 
cncc of systematic errors or mistakes. Consoquontly the moan 
Omt in terms of catlietometcr .scale divisions, and its probable 
error wero computed before tho removal of constant errors. 
The following numerical data represents tho lusults of tho obser- 
vations and the known calibration constants of tho cathotomctcr. 


Mean icmpcratiiro oC the steel scale, T 20® i 0°.5 C. 

Moan tomperaturo of the hvaas acalc, U 2 1®. 3 0®.6 0. 


Moan of twenty observations on tho measured 
interval in terms of brass scnlo divisions, Om. . 50.0051 db 0.0015 flcalo div. 

Mean length, at standard temperature, of tho 


brass scale divisions in the Interval used, 8. . 0.990858 =h 0.000021 cm. 

Standard temperature of brass soalo, /o 16®.0 C. 

Coefficient of linear expansion of brass scale, a. (1S2 zb 12) X 
Anglo between tN?o scales, j3, leas than 8 X lO”** rad. 


The most probable value that can be assigned to th(3 measured 
interval is given by the expression 

X = OmS 1 1 + a 0i ““ W I 

Since /3 is a very small angle, may be treated by the approxi- 
mate foriniilse of Table VI I, and the above expression becomes 

X - o^S (1 + aO^I + 

wiicre 

t^ti- to. 

Tlie quantity 5 (I + at) is very nearly equal to unity. Hence, 
jtcglc(iiing small quantities of the second and higher orders, tho 
correction due to the angle 0 is 

64 

o.|<50XyX 

< 0.000016. 


Since this is less than two per cent of the probable error of Om, it is 
negligible in comparison with the accidental errors of observation. 
Consequently tho precision of x is not increased by retaining the 
term involving 0, and we may put 

X = OmS (1 + at). (a) 

Tlio probable error of is zero, because the accidental errors of 
the temperature observations, made during tho calibration of the 
brass scale, <are includecl in tho probable errors of S and a com- 
puted by the method of article ,sixty-fivo. Conscquontly tho 
probable error of t is equal to tliat of and we have 

t = 6°.3 dz 0^5 a 


In tho present case equation (115) is tho most convenient for 
computing the precision measure Rx of x. Only two signilicant 
figures arc to i)c retained in the separate effects coiaputcd by 
equation (114). Consequently the factor (1 + at) may bo taken 
equal to unity, and the numerical values of Om and jS may bo 
rounded to three significant figures for tho purpose of this com- 
putation. Thus, taking equal to oO.Q, S equal to 1.00, and 
the other data as given above, wo have 



n. 


D„ 

A 


dx 

da'' 


Z An — 0„,Stl!!„ 


A -0.0012, 


dx ^ 

Oft^ScxEi 


fiOX6.3Xi?„ 


’ 0.00038. 


=00 X 182 X 10-? V ;/’ A « 

n 2 - 99 r A V. , ^ * 0*00046. 

- 225,0 X 10~® 

A,’* == .M4,0 X lO-s 
A«2 - 14,4 X 10“® 

“^i.2 X 10-8 

[A**] = 404.6~>rKM 
iionco, by equation ( 116 ), 

[ A^] =; 404,6 y jQ_8^ 

IPn,, fi ■''^<104.0 X 10-8 == 0.0020, 

Foi the purpose of computiinr r n- • * 

given data in the form ^ ® ^ ‘^o»voniont to put the 

50 (1 + 0.000102), 

= 1 ~ 0.000147, 

«<- 0.000116. 

Then, by equation (a), 

■r 50.0036. 

T “'‘to 

^ Sn laboilus thm tT' t^‘° J«st 

Since the length ^ of the cathotmL 'f ^^Smthms. 

m centimeters, the computed vahiocx ® f^^visions is given 

m centimeters and our unco^ «xprLoc| 

between the twenty-fifth and fl ^ ‘^^giiifbng the true distance L 

« -la la «al^l, 

■ ' the temperature ^ =t 0.0020 centimeters, 

^ = 20®.0d:0°.6 C. 


at 


The above discu.^sion shows that the i^rccision of the result 
would not have been materially increased by a more accurate 
determination of 'I\ lu iuid a, since the elTccts of the errors of 
these t]uantities arc small in com]}nrison with that of the errors 
of o,n and S. The probable error of iniglit have been recluc(al 
by making a larger number of observations and taking care to 
keep the instrument in adjustment witliin one-tenth of a level 
division or less. But the given value of is of the same order 
of magnitude as the least count of the vernier used, and, since 
(‘ach observation represents the difference of two scale 2‘eadings, 
it would not be dticrcased in proportion to the increased labor of 
observation. Moreover, the tenans and in the above value 
of Rz are nearly equal in magnitude, and it would not be worth 
while to devote time and labor to the reduction of oue of them 
unless the other could be reduced in like proportion. 



discussion of proposed measurements. 
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ui lu-uunorivcu ana napnazaiu mcaburtjiuuiiua. ^nu piuuioiun 
lequiroments may be, mid indeed usually are, quite different in 
tlic two cases, but the sfimo process of arriving at suitable methods 
applies to both. 

75. The General Problem. — In its most general form the 
problem may be stated as follows: Rcquivcil the maguituclo of a 
quantity X within the limits zb /i, X being a function of several 
directly measured quantities A"i, A'2, etc.; within what limits must 
wc dotcrinine the value of each of the components X^ X2) etc.? 
'In discussing this problem, all sources of error both constant and 
accidental must be taken into account. For this purpose tho 
various methods available for the moasuroment of the several 
components are considered with regard to the labor of execution 
and the magnitude of the errors involved as well as ’witli regard to 
the facility and accuracy with which constant errors can be removed. 

After such a study, certain definite method.s are adopted pro- 
visionally, and examined to determine wliether or not the re- 
quired precision in the final result can be attained by their use. 
As the first step in this process, the function that gives tho rela- 
tion between X and the components, Xu etc., is written out 
in its most conipicte form with all correction factors ox])licitly 
represented- Thus, as in article seventy-two, the most probable 
value of the quantity X may bo expressed in tho form 

a-o — I? (Oo, 06, , o,„ a, j3, . , . , p), (120) 

where the o’s represent observed values of Xu Xa, etc., and 0, 

. . . , p, represent the factors on which the corrc^ciions for con- 
stant errors depend os pointed out in connection with equation 
(112), article seventy-one. 

The form of tho function 0 ^ and the nature and magnitude of 
the correction factors appearing in it, will clcponcl on tlio nature 
of the proposed methods of mcasureincut. Since all detectable 
constant errors are explicitly represented by suitable correction 
factors, all of tlie quantities appearing in tho function 0 may be 
treated as directly measured components subject to accidental 
errors only. Hence the problem reduces to the determination 
of the probable errors within which each of tho components must 
be detenniried in order that the computed value of :cb may come 
out with a i)recision measure equal to the given magnitude Rq. 
If all of tho components (ran Ixj determined within the limits set 



mo provisionauy auopicci mcLnoas arc auuquaui wv u\o pur])ose 
iu hand and tho mcasuroments may bo carried out witli con- 
fidence that the fuial re>sult will bo precise within the required 
limits. Wlien one or inoro of tho components cannot bo deter- 
mined within tho limits thus sot without undue labor or oxponsoj 
tile proposed methods must bo modihocl in such a manner that tho 
noc( 5 Ssnry measurements will be feasible. 

76 . The Primary Condition. — The present problem is^ to' 
some extent, tiic inverse of tliat treated hi articles seventy-one 
and seventy-two. In tho latter case tho given data represouted 
tho results of completed seri(‘S of obsorvalions on the several 
component quantities appearing in the function 0, together with 
tlicir respective probable errors. The pvirpose of tho analysis was 
the determination of the most probable value Xq tluit could be 
assigned to tho measured magnitudo and tho precision mcasuvo 
of the result. In the present ease approximate values of .To and 
tho components in 0 arc given, and tho object of the analysis is 
the detonninatiou of the probable errors within which each of tho 
components must bo measured in order that tho value of .To, 
computed from tho completed observations, may conic out with a 
precision measure equal to a given magnitude Hq, 

If Day . . . , Dpi Deci . . . , reprosont tho separate 
effects of the probable errors . . « , I?/ 9 ) • . . , 

lip of the components Op, . . . , rv, /3, . . . , p, respec- 
tively, we liavG, as iu articlo seventy-two. 


. . . ; . . . ; (. 22 ) 


and the primary condition iinposod on Ihoso quantities is given I)y 
tho relation 


= W + /).*+... + + De’ + • • ■ + (123) 

Tho precision measure Ro and approximate values of tlio com- 
ponents are given by tho conditions of tho probiom and tho pro- 
posed motiiods of mensuroment. The E's, and lionco nlso tlio 
Z)’s, are tlio unknown quantities to bo dotciminwl. Conse- 
quently tboro are as many U 7 iknowns in equation (123) as Uiero 
are diflforont components in U)o function 0. Olivionsly tlie problem 
is indetenninato unless some further conditions can bo imposed 


Ult Oiiu AJ lUi. v;tuui lu cm jiiKiiiibu 

nuinbcir of cUfTcrcat values to eacli of tho /J’s which, by ]>i’nper 
selection and combination, could bn made to satisfy tlio primary 
condition (123). 

77 . The Principle of Equal Effects* — An ideal condition to 
impose on the D*s would s])eeify that tl\cy should be so dctennined 
that the rcciuired precision in tho final result To would be attained 
with tlio least possible expense for labor and apparatus. Un- 
fortunately this condition cannot bo put into exact mathematical 
form since there is no exact general relation Ijctween the difficulty 
and the precision of mcnsvu’cinents. Mowover, it is easy to s(jo 
that the condition is approximately fulfilled when the ineasiiro- 
incnts are so made that tho Z)’s are all equal to the same inagnitudG. 
For, the probable error of any component is inversely propoi'tional 
to the square root of the number of observations on which it 
depends and the expense of a measurcinciit increases directly 
witli tho nnmbor of olxscrvations. Consequently the expense 


Wa of tho component o<i is approximately proportional to ^ or, 
since - - is constant, to 7 :: - 5 . Similar ndations hold for the other 

OOa Dt? 

components. Hence, as a first a])i>roximation, wo may assume 
that 


^ Dt? ^ 




( 126 ) 


wlicrc ]V is tlio total expense of tho ciclennination of .To, and A i.s 
a constant. By the usual method of finding the minimum value 
of a function of conditioned quantities, the least vaino of W con- 
sistent with equation (123) occurs when the D’s satisfy (123) and 
also fulfill the relatioii.s 
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the provisionally aoopieu niuiuuui^ mu miuiiuubis lur ino purpose 
in hand and tlio ineasuroineiits may bo carriiKl out witli cou- 
ficlonco that t!\e (iual result will bo prooiso within the required 
limits. When one or inoro of Iho componouts cannot be deter- 
niined within tho limits thus sot witliout uiuluo labor or expensoj 
the proposed methods must bo modified in such a inauucr that tho 
necessary moasuromeuts will l )0 fensiblo. 

76 . The Primary Condition, — Tho pro.scnt problem is, to 
some extent, tlio inverse of that treated in artiohss sovonty-ono 
and sovonty-two* In tho Inttov easo tho data vo])ro.sontod 

the results of completed series of obsorvations on the .several 
component quantities apiioariiifs; in the function together witli 
their respective probable errors, 'rhe imrpose of the analysis was 
the determination of tho mast iiroliablo value .to that could bo 
assigned to tho inoasurod inagnitnde and tim i)r<u;i.sion measuro 
of the result* In the present case approximate values of Xo ami 
tho components in 0 are given, and tluj objocl of llu^ analysis is 
tho detenni nation of the probable errors witliin whii'li (vicli of tlio 
components must bo moasuved in order that the value of 
computed from tho complclod olxsevvalions, may eomo out with a 
precision moasuro equal to a given magiiitudo Rq. 

If Oft, Dt, . * > > Dpt Dfiy ... y Dp ropn^sout tlie saparato 
effects of tho probable ovrorn Da, Db, - • • 1 Dvi • • • ) 

Ep of tlio components Oo, O/,, . , . , o,,, a, /5, . . . , p, ro.si)cc- 
tivoly, we have, as in article sovonty-two, 




•"'-It/- (122) 


and tho primary condilion impoaoci on tlioso quantities is given l)y 
tiic relation 


= Do** + H + D; d- + 7V M + /V- (123) 

Tho precision moasuro 7io and approximate values of tlio com- 
ponents are given by tiro conditions of tlio ]irol)lom and tho pro- 
posed motliods of mcnstironicnl. Tim H'h, mid lieiico also tlio 
D's, are tho unknown quantities to bo dotoriniiuid. Conse- 
quently tlioro avo as many unknowns in equation (123) as there 
arc differont components in tho funclion 0. Oliviottsly tlio problem 
is inclotonninato unless some further conditions can bo imposed 
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number of tUfforout values to each of tlm IXs which, hy proper 
selection mid eoTnl)ination, could bo made to satisfy tlic primary 
condition (12H). 

77. The Principle of Equal Effects. — An ideal condition to 
impose on the D's would specify that they should be so detenninod 
that ilio requivocl ])recision in the ftnal result Xa would be attained 
with the least possible expensci for labor and apparatus. Un- 
fortunately tins condition cannot l)0 put into exact uiatheinatical 
form since there is no exact j^oncral relation between the difficulty 
and the i)rccisioii of m(jasurcinents. However, it is easy to see 
that the coiulitiou is approximately fulfilled when the measuvo- 
luents arc so uuule that the O’s are all equal to tlic same magnitude » 
For, the probable error of any component is inversely proportional 
to the square root of the rniniber of observations on whicli it 
depends and the expense of a incasurenient increases directly 
with the number of observations. Conscquonlly the expense 


TFrj of the component Oa is approximately ])roportional to or, 


since - - is constant, to 7^,. Similar relations hold for the other 

OOa Da 

components. Hence, ns a first ap]iroximation, wc may assume 
that 


D,? 


yl* 

j- _ 4 . L . 

^ A,* ^ ^ 


(12G) 


where TT'’ is tlio total expense of the (Iclei-niinatioii of ;ro, anrl yl is 
a const.aiit. By the usual method of finding the tninimurn value 
of a function of cotuUtioned quantities, the least value of VF con- 
sistent witli equation (123) occurs when the A’s satisfy (123) uiul 
also fulfill the relations 






and by equation (123) 


A _ ^ 
K N ' 


where N is tin; number of D's in (123) or the equal number of 
components in the function 0. Consequently equation (123) is 
fulfilled and tUo condition of minimum expense is approximately 
satisfied when the components arc so detorniined that Iho separate 
effects of their probable errors satisfy tho relation 

Da = D,= . . . = = Z)fl = . . . = (127) 


Equation (127) is tho mathoinaticai expression of the pn'ncipie 
of equal effects. It does not always express an exact solution of 
the problem, since A is seldom slricUy constant; but it is the 
best approximation that wo can adopt for the preliminary com- 
putation of the D*s and E^s, Tlio results thus obtained will 
usually require some adjustment among themselves Ix'fore tliey 
will satisfy both the preliminary considerations and tlie primary 
condition (123). Wo shall see that tho necessary adjustmont is 
never very great; and, in fact, that a marked departure from tho 
condition of equal crtcets is never possible when equation (123) is 
sutisfiod. 

Combining equations (122) and (127), wc find 
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Ilcncc, if the final measurements are so executed that tho probable 
errors of the several compommls arc equal to tlio corrc.sponding 
values given by equations (128), the final result .To, computed by 
e(iuatiQn (120), will come out with a precision measure equal to 
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fulfillocl. 

In coniimting tbo 7?^s by equation (128), Ho is taken equal to 
the given precision measure of Xq and N is placed equal to tiic 

00 

number of components in the function B. The derivatives — 

etc«, arc cvaluat(id with tiic aid of approximate values of the 
components obtained by a preliminary trial of tho ijroposcd 
inctluKls or by compututiou, on theoretical grounds, from an 
approxirriatc value of .To and a knowledge of the conditions under 
widely the measurements are to be made. Since only two sig- 
nificant figures are required in any of the tlio adopted values 
of ihij eomponenls may bo in error by several per cent, without 
afTecting tho significance of the results. Moreover, any number 
of components, whose combined effect on any derivative is less 
timn five per cent, may be entirely neglected in computing tliat 
derivative. Consequently the function 0 frequently may be sim- 
plified very much for the pur])ose of com])uting tho derivatives and 
this simplification may take different forms in tha case of difTor- 
ent derivatives. No tnorc than three significant figures should bo 
retained at any step of the process and sometimes tho rcquirctl pre- 
cision can be attain(*d with tho a])proxiinalo forniiilte of Table VII. 

Since equation (127) is an approximation, tho E*s derived from 
equations (128) are to be regarded us provi.sioiial limits for the 
cwrrospomliiig components. If all of them are attainable, i.c., if 
all of the components can be determined within the provisional 
limits, without exceeding tho limit of expemse set by the j)re]im- 
iuavy considerations, the solution of the problem is complete and 
the proposed methods arc .suitable for the work in hand. 

78. Adjusted Effects. — Generally some of tho given by 
(128) will be unattahiablo in practice while others will be larger 
than a lunit that can be easily reached. In other words, it will 
ha found that the labor involved in determining some of tho 
components ^villliJI th(i provisional limit i.s prohibitive while 
other com])onents can bo dotermined with more than tlic ])ro- 
visional precision without uikUio labor. In such a case the pro- 
visional limits are modified by increasing the corrc.s]ionding 
to the more difficult determinations and decreasing the that 
corre.spond to the more I'nsily determinable components in vSUcU a 
way that the combined effects satisfy the condition (123), 


ViV. For, talcing Zia tor iuiistrauon» 

VnE, = 

boa 

and consequently 

D,' = ~ e : = Ro. 

vOfl 

Hcnco (123) cannot bo satisfied unless all of the rest of the 
arc negligibly small. For example, if there are nine components, 
is c(iual to three. Gonseejuonily no one of the can be 
increased to more than three times the value given by the eondi- 
tion of equal effects if (123) is to be satisfied. Wlien, as is fre- 
quently the case, the number of components is less than nine, or 
when more than one of the E's is to be increased, the limit of 
allowable adjustment is much less than the above. The extent 
to which any number of may bo increased is also limited 
by the difficulty, or impossibility, of reducing tlie effects of the 
remaining E'n to the negligible limit. 

If the probable errors given by c(iuations (128) can bo modified, 
to such an extent that the corrcspoiuliug measuremouts become 
fciisiblo, without violating the condition (123), the proposed 
mctlioda are suitable for the final determination of a’o* OUier- 
wisc they must be so modified that they .satisfy the conditions of 
the problem or different methods may bo adopted i)rovisioually 
and tested for Jivailability as above. 

Sometimes it will be found that the jiroposcd metliods are 
capable of greater precision than is demaiuled by equations (128). 
In such cases tlic expense of the measurements may bo reduced 
without exceeding the given precision measiivc of Xo by using less 
precise methods. But such methods should never be finally 
ado])tcd until their feasibility has been tested by the process out- 
lined above. 

A discus.sion on the foregoing lines not only dotcnnincs the 
practicability of the proposed methods, but also serves as a guide 
in determining the relative care with which the various parts of 
the work should be (jarric^d out. For, if the final result is to come 
out with a precision measure /2o, it is obvious that all adjustments 
and n\casurcmciits must be so executed that each of the com- 


ponunia js ucicrmnica wiinin ldg iimius sei oy oquauous 
or by the adjusted JS's that satisfy ( 12 i^). 

79 . Negligible Effects. — In the preceding article it was 
pointed out tliat the availableness of proposed methods of ineas- 
urcnicnt frequently depends on the possibility of so adjusting the 
E's given by equations (128) that they are ail attainable and 
at tlie same time satisfy the primary condition (123). Generally 
this cannot be accomplished unless some of the can bo reduced 
in inagnitutle to such an extent that their effect on tiio precision 
measure Rq is negligible. 

On account of the meaning of the precision incasuvc, and the 
fact that it is expressed by only two significant figures, it is obvi- 
ous that any D is ii(*gligiblc when its contribution to the value of 

Rn is less than Thus, if Ri is the value of the right-Iiand 


member of equation (123), when Da is omitted, Da is negligible 
provided .. 


or 


Squaring gives 
and by definition 
Consequently 
and 
or 


0.9 /eo< Ri. 

0.81 Ro^ < 

R ^2 - /2j2 = ^^2 

0.81 /?o" < Ro^ - Da\ 

DJ < 0.19 W, 
Da < 0.43G Rq, 


IIoiicc, if Da is loss than 0.436 7?o, it will contribute less than, ten 
per cent of the value of Rq, Since the true error of Xq is ns likely 
to he gnjator than Rq as it is to be loss than /?o, a ehang(^ of ton 
jicr cent in tJic value of Rq can have no practical imiiortiinco. 
Consequently Da is negligible when it satisfies tlie above condi- 
tion. However, tlio constant 0.43G is somewliat awlcward to 
handhi, and if D,, is very nearly equal to the limit 0.430 Rq, tlio 
propriety of omitting it is doulitful. These difliciiltie.s may bo 
avoitlcd by adopting tlic smaller and more easily ealciilatofl limit 
of rejection given by the condition 

D h Rq, 


(129) 



pvacUcal purposes. »Stiicc the nbovo rf^usoiiin^^ is iiulopciudeut of 
the ]mrtieuUu- i) choscu, the condition (120) is perfectly general 
and applies to any <jue of the /J’s in equutlon (123). 

When two or more of the satisfy (120) indopeudontly, any 
one of them may be neglected, but all of them eunuot bo neg- 
lected without further iiiV(Nstigfitum for otlionvise tl\e change in 
/Jo n\ight exceed ten per cent. I’liis would always happen if all 

of the D*s coasiclerod were very nearly ocpjal to ilio limit 

o 

However, by aimlogy with the above argument, it is obvious that 
any q of the arc sumiltancously uegligil)le when 

•:! j, ««, ciso) 


where the nuinericnl subsciipts 1, 2, . . . , (7 arc used iti piaeo 
of the litorul suhseripts oecuiTiiig in coumtion (123) in order lo 
render the eondition (130) eiiliroly gonernl. Tims Di may conc- 
spond to any one of tiic D’a in (123), Ih to any otiicr one, etc. 
By aijplying the priiieiplc of equal ell'eets, the condition (130) 
may be reduced lo the .simple form 

D, = Da = ... = /), 5 ^ (131) 

6 Vq 

If some of the D^s in (131) can bo easily reduced below the limit 


, the Olivers may exceed that limit soiYunvhat ^vithout violating 

3 Vq 

the condition (130). However, equation (131) generally gives the 
best practical limit for tlic .simultaneous rejection of a niiinhor of 


D% and all dcparturcy fi 
To illustrate the pract 
suppose that the pract 


rom it slioulcl be carefully chcciced by (130) 
acal application of the foregoing discussion, 
'icahility of cortnin proposed methods of 
nieasuromcnt is to be tested by the principle of equal effects 
dovclopod in article seventy-seven. Let there bo N components 
iii the function and suppose that q of them, represented by 
ecu «2, . . . , can bo easily detonnined with greater precision 
than is doinanclcd by equations (128), while the measurement 
of the remaining N -- q components within the^'limits thus sot 
would bo very difficuit. Obviously some adjustniout of the /i'\s 
given 1)3' (12S) is desirable in order timt the labor involved in the 
various parts of the measurement may bo more evenly balanced, 


llic greatest possible mereaso m the /4 s corrcspoiuiing to mo 
N — q difficiiit components will be allowable when the i5's of the 
q easy components cun be rcdiicecl to the negligible limit. To 
(letoriniiie the nocessaiy limits, Ito is taken ccpial to the given 
piccisioa incfisure of Xo, unci the iiogligiblo /)’s corresponding to 
the q easy components arc determined by equation (131). Then 
by equations (122), the corresponding /‘J's will be negligible when 
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If these limits nan bo aitaineci with as little difTiculty as the pre- 
viously (Icterininccl £r”s of tlie N q remaining coini)oncnt.s, tlic 
norrespo!iding may be omitted from equation (123) during 
the further diseussion of precision limits. 

Since q of the D’.s liavo disappeared, the others may bo some- 
what incimsed and still satisfy the primaiy condition (123). 
The corresponding new limits for the of the difRcuIt components 
may bo obtained from equations (127) and (128) by replacing 
N 1)3' N — q. If those new limits together with the ncgligildc 
limits given b 3 ' equations (132) can all be aUaine<l, without 
exceeding the expense set by the prelim inaiy considerations, the 
proposed methods may be considere<l suitable for the final deter- 
mination of Xo with the desired precision. Otlicrwiso now methods 
must be devised and investigated as above. 

Equations (132) may also he used to determine the extent to 
Avliich mathematical constants should bo carried out during tlio 
comi)utations. Eor this purpose the components ori, ^ 2 ; . . . , 
or part of them, represent the matluanaticiil coustjints appearing 
in the function 0. The corresponding determined by equa- 
tions (132), give the allowable limits of rejection in rounding tho 
numerical values of the constants for the purpose of simplifying 
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witliin ona-t<!nth of oac per cent, how many figures should be 
retained in the constant w7 In this case 


0 {Oa ,..., ot, ... ) - V = sarL, 

Ito = 0.00 1 V = 0.001 ira'^L, 


da 


OV 
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- = a-L\ q = I, 
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0,00105. 


If ir is taken equal to 3.1*12 the error due to rounding is O.OOOU 
Since this is less timn tlio nogligildo limit E,, four significant 
figures in ir are suflicient for tlio purpose in hand. 

It sometimes happens that the total offect of ono or more of the 
components in the function 0, on the eoinpiited value of xo, is 
negligiblo in comparison witlr Ro- This will obviously be the case 
when 

30 Ito 
oT*" = 3 ’ 


for a single component a or when 
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for q cornpoiioats* Thus, on tlio principle of equal effects, tlie 
coinpononts a 2 , . . . , wHl bo simultaneously nogUgiblo 
when they satisfy the conditions 
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Such eases frequently arise in connection witli the components 
that rcprcs(*nt correction factors. 


argument^ it iias been assumed tliat the function ^ in equation (120) 
is ex]Dresse(i in the most general form consistent with the pro* 
posed methods of measuroniciit. Such an expression involves tlie 
explicit representation of all directly measured cjiiaiitities, and 
all possible correction factors. Part of the hitter class of com- 
])onents represent dci)artures of the j)roposed methods from tlu^ 
theoretical conditions underlying tliem, and others d(?j)end upon 
inaeeuraeics in the adjustment of instruments. In praetiro it 
frequently Inqipcns that tiu? general function 0 is very compli- 
cated, and coiisecpiently that the direct discussion of precision 
as above is a very tcidious process. Under these conditions it is 
desirable to modify the form of tho function in such a inanner as 
to facilitate the discussion. 

Sometimes the general function 0 can be broken up into u series 
of independent functions or expressed as a continuous product 
of such functions. Thus, it may be possible to express 0 in tlic 
form 

Xq 0 (Of,, O 5 , . * t) Gty Pf » * •) 

^ » * • ) » ) dz fz (Cly . . , ) ‘ (134) 

zfc . . . . . . )j 

or in the form 

Xo = 0 {Orti 06, . . . , Of, ) 

= /i(«i,a2, . . . )Xh(bub2y . . . )Xy3(^i,C2, . . . ) (135) 

X ... X fn (w?i, . . . )j 

where tlic rds, 5's, . . . , and repreaemt tho same components, 
o„, 06 , . . . , a, , that a|)))<‘ar in 0 by a nenv and more 

general notation. The functions /j, /a, ■ * . , A may take any 
form consistent with the problem in hand, but the pn'cision dis- 
cussion will not be much facilitated unless they arc indepoiidont 
in the sense that no two of them contain Uic same or mutually 
dependent variables. Sometimes the latter condition is imprac- 
ticable and it becomes necessary to include the same component 
in two or mow of tho functions. Under sucii conditions the expan- 
sion has no advantage over tho general expression for t?, unless 
the cff(‘ct of the errors of each of the common components can 
be rendered negligible in all but one of the functions. It is 
scarcely necessary to point out that equations (134) and (135) 
represent difTcrent problems, and that if it %vcre possible to expand 
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Tlicu equation (13‘1) may Ins wrilU'ti in tlia fnrin 

a'o » Zi db ?3 ;k S 3 :b . . . ;l: S,„ (I 37 J 

and (135) may lie put iu lUu f«irm 

.To == 2i X 23 X S 3 X . . . X s,,. ((38) 

First consider tli<! easo in wliieli Mm fuiielimi repicsi'nliug (ho 
proposed inctliods of m('u«un>uunit. has lu-eii (m(, in the form of 

(137). Since the jirccLsioii mt'aniiro fitllow.s llm Maiim laws of 

))i'oi)agalion as Die (n-olialde error, Mk; di.sciission ffiv(!ii in aiiiclo 
fifty-eight lends to the relation 

Ito^ => Iti^ ‘\~ Iti^ •{' Ha" -h • . . I //,.-, (130) 

where Ito is the (rroeisioti measure of .r„, ami each of tiie otiior l{'a 
represents the proclsion nususiire of the s wiMi l•lln■<•sll(aldiug Kuh- 
script. Hence, by llm piineiplo of e(|iial elVt'e|..s, provisioiml 
values of the Wa may bn rdrlainnd from lim rohilioii 


R, = It, = U, . ((,, 0 ) 

Tlio R'si having licen dnbu-miiKul by (Ido), (lie eorre.si loading 
probable errors of the «’«, h\ etc., may lie eomimii'd by tho 
mctliods of tho preceding articlc.s with Mm aid of c(inatioiiH (130). 
If the provisional limits of (UTeisiou Mms fmmd nre not all aUain- 
able with appro.\imateIy i!(iiial facility, Mm comlilioiiH of the 
problem may bo Iretler satisfic’d by iiiocli'i'alcly adjiislcd relalivo 
values of the (rrobnlile error.s as ijointi-il out in nrlicict scvciity- 
cight. OirvioiKsly tho adjusted values must saM.sfy e(|.iiali(m (130) 
if tho valvic of computed by (137) is to come <niL wiMi a pre- 
cision monsiire equal to tho given /c*o. 

When tho funelion roprc-souting the (irojiosed timllmds e.‘in bo 
put in tho form of (138) tho comimtatum is facilitated !»y intro- 
ducing tho fractional orrom 
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/V = Pl^ + /V + /V + . . . + /"n®. (142) 

and, by tlie principle of etiual effects, provisional values of tlie 
P’s arc given by tb(! relation 

p, = P3== . . . =p„=A. (143) 

Vn 

Since i?o and approximate values of the components are f?ivcn, 
Po can be computed with sufficient accuracy with the aid of 
(t38) and the first of (141). Consequentfy provisional fractional 
limits for the componciits can be dotennined by (143), and tlie 
corresponding precision measures by the last n of equations (141). 
Beyond this jioint the problem is identical with the preceding 
ease, except that the adjusted limits of precision must satisfy 
(142) in place of (139). 

The methods dcvolo])cd in the preceding articles are entirely 
general and applicable to any form of the function Imt they 
frequently lead to complicated computations. In the pnjsciit 
article we have seen how the discussion can be simplified when the 
function B can be put in either of the particular forms represented 
by (134) and (135). Many of the problems met with in practice 
cannot bo put in either of tlicse special forms, but it frequently 
happens that the treatment of the functiojis representing them 
can he simplified by a suitable modification or coml)inatiou of the 
above general and particular methods. The general ideas under- 
lying all discussions of the necessary j^recision of components 
liave been discussed above with sufficient fullness to show their 
nature and significance. Their application to particular prob- 
lems must b(j left to the ingenuity of the observer and computer, 
8i. Numerical Example. — As an illustration of the fore- 
going methods, suppose tliat the electromotive force of a battery 
is to be determined, and that tfio precision measure of the result 
is required to satisf}' the condition 

Ro = rh 0.0012 volts, (i) 

within the limits ± ^ *^0 must lie between zb O.OOll and 

^ 0.0013 volt. Preliminary considerations ihanand that tho 
expense of the work shall l )0 as low os is consistent with tho 
required precision. 


\Jl 4^r V ^ t-» 4 4 4 / / 

to simplify tlic discussion, -suppose UmL llio vurious pnrUs of the 
Apparatus arc so well iusulatccl that leakage cuvreuts need not 
bo considered. The generality of Uie problem is not iii)pieci)ibly 
afTcctccl by tire latter nss«m])tion since the .s\)eeifie(l couditiou 
can be easily fwitisficd in prnelice within negligible limits. With 
what precision must tho several compoircnts and coirectiou 
factors bo determined in ord(!r that equation (i) may be satisfied? 
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Let V = e.m.f. of tcste.d battery B\, 

E, = e.m.f. of Clark cell Dt at time of oKservation, 

I - temperature of Clark eoll at time of obsorvation, 
lii = ro.sistnnco between 1 and 2, 

Ri - rosistanco botween I and 3, 

/ = current in circuit 1, 2, 3, D^, 1 when tho key K is open, 
= algebraic .sum of tlicnno o.m.f.’s in tho circuit 1, 2, b, 
G, 1 when K is closed to b, 

$2 == algebraic sum of thermo e.m.f. 's in tho circuit 1, 3, a, 
G, 1 when K is closed to a, 

Eli - o.ni.f. of Clark coli at temperature 15° C., 
a — moan teinperaturo coefficient of Clark coll in tho 
ncighborliood of 20° C, 


ttrllUIl, UllU ^ tlliy-t. u ^ ow tvvij w*it*u v.iw 

galvanometer G sUowti no deflection on closing the key K to 
either a or 6, 

7 ^ ^ 

fii it2 

Consequently 

F •-=(/?, +52) (ii) 

But 

(iii) 

IIcuco 

V = Eitll- 0,(1- 15) ( + Si ~ Si. (iv) 

The njsistanees Ri ami R 2 arc functions of the temperature; but, 
since they represent siiuultuneous adjustuicuts with the cells B\ 

and B 2 and are eonqjosed of the same coils, th(j ratio ^ is incle- 

petident of tlic teini)crature. Thus, if Ri* and R” represent tho 
resistances of tlio used coils at C*, and ^ is their temperature 
coefHeient, 

Rv ^RAi +m 

Rt" R2{\+pi) R 2 

whatever the tempcnaturci i at wlii(;h the comparison is made. 
This advantage is due to the ))articular mctliod of connection and 
adjustment adopted, and is by no means common to all forms of 
the potentiometer method. 

Uiiclcr the conditions specified above, equation (iv) may bo 
adopted as the complete expression for tlie discussion of precision. 
It corresponds to orpiation (120) in the general treatment of the 
problem. Su])poso that the following approximate values of tho 
components, which are suflicicnUy close for the detcriniuation of 
tlie capabilities of the method, have been obtained from tlio 
normal constants of the Clark cell and a preliminary adjustment 
of the apparatus or by computation from a known approximate 
value of V: 

i?i5 1.434 volts; a == 0.00086; 
t = 20° C.; Rx^ 1000 ohms; (v) 

R 2 — 1310 ohms; F = 1,1 volts. 

The thennoelcetvomotive forces 61 and §2 are to somo extent 
due to inhoniogeneily of the wires used in the construction of 
the instruments and connections. For tho most part, however, 


nimigaiiiii, tlio koy A oi brass, find tnaii tiio copi)Oi' u.scci in the 
gaLvaaomotor coil aaci Hie coatioctiag wires is Uiornioclccfcricnlly 
(lifTcrcnt. Both 6i ami 62 would reprcscat llio resultaut action 
of at least six thcnno-olenicnts ia series. Whilo tlio.se cITects cita- 
not he accuriitoty specified in advaaeo, tlieir combiued action 
would not bo likely to be gi-cater than twenty-five microvolts per 
degree <Ii(Tereiicc in Icaiporatiifo between the various inirts of tliu 
apparatus, and it might be much less than this. Obviously S| 
and ^2 are both equal to zero whoa ttio Iciniieratiiro of tlio appa- 
ratus is uniform throughout. 

By equations (133), aiiiclo .seventy-nine, tho corroetion terms 
depending on thermoelectric forces will bo iiegligiblo in compar- 
ison with tho given ))rcoision inoasuro Ra, when 5i and 62 satisfy 
tho conditions 
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In tlio present case 

IZo = 0.0012 volt; 


d6i 


— 1; and 


7 

dh 


= 2 ; 

Hi 


= 0.76 


Consequently tho above conditioias bccomo 


, 1 0.0012 


«2 


1 0.0012 




3 V2 


— — % ± 0.00028 volt s ± 280 mierovoUs, 
± 0.00037 volt 3 d: 370 miorovolhs. 

0.76 


From the nbovo discuss ion of tlio poRsiblo inngnitudo of tlio Ihonno- 
olccLromotivo forces in the circuits consklorofl, it is obvious that 
these limits correspond to tomperatuve differences of approxi- 
mately ten degrees botwoon tho various parts of tho apparatus. 
Since the temperature of the apparaUis can ho easily maintained 
uniform within fivo degrees, tho last two terms in equation (iv) 
aro negligible within the limits of precision sot in tho present 
problem. Henco, for the doicrmination of ilio required i)rocision 
of tho remaining components, tlie fimctional relation (iv) may bo 
taken in the form 




(vi) 


for (Ictonnining the ncocssaiy precision of the components is 
/(■qS = 144 X 10- » - D{^ + Di‘ -f- + 0^% (vii) 

where OV „ . _ dV - ^ ip . 


_ dV ,, „ c>F 


(viii) 


and E\, Z? 2 , /i’a, ^ 4 , ^6 are the required probable errors of JSts,, a, I, 
Itu ami /fs, respectively. 

For the preliminary determination of the /'/’.s by the principle 
of equal effects, ctiufition (127), article seventy -seven, becomes 


7), = 772 = = 7)4 = r>5 = -% = -I?-- = i 0.00054. (ix) 

ViV v5 


Neglecting all factors that do not alfect tlu; dilYerential cocfRcitsnts 
l)y more than one unit in the second signifiCiUit figure ami adopt- 
ing the approxinialo values of the eoniponeiits given in (v), 


clF It, ^ 1000 ^ „ , 
dfiii lii 1310 ’ 


OF „ lit r ~ 

— — — hn U — lo) — ~ ou), 


~ = - 0.00004, 

at 


Sr !<4r°‘>°"' 


II.— 


(x) 


Hence, by combining (viii) and (ix), or diroetly from equations 
(128), article seventy-seven. 


El =± = ± 0.00071 volt, 


0.70 


7?2 = ± == ± 0.000008, 

0.5 


7?3 = ± ^!!S - ± 0°.57 C. 


0.00004 


E, 


, 0.00054 , . , 

' O.OOl I ® 


j. __ 0.00054 - 

0.00083 ^ ° 


(a) 

(b) 
(<:) 
(< 1 ) 
(o) 


(xi) 



problems, gcuenil coiisuleraLioiis bused on (.lieory and previous 
oxporieneo lead to eciuully triistwortliy rcttults. In tho lirst place, 
it is obvious tliut the teinpeniluro of the Cliiric coll cun bo easily 
determined closer tlmn OM) C. Uonsccinenlly llie limit (o) is easily 
attainable ami might possibly bo reduced to a negligible quantity. 

Tho constants of tho normal (.llark coll are known well within 
the limits (a) and (b). Jkit it requires very civverul Irealmcnt of 
the coll to keep Ett, constant within the. limit (a), and now cells, 
imless lltcy avo set up with great cart! and skill, are likely to vary 
among thcmsolvea and from the uormid e.eU by move. t!nm 0.0007 
volt. Consequently the limit (a) w sniiKnvhat smaller tlian is 
dosirahlQ ill practical work of th<> precision cnnsidenKl in the 
present problem. On tlio other hand, tiu! limit (b) is very rarely 
exceeded by either old or new cells unle.ss they are very care* 
Icssly constructed and hniulied. lienee I'h could jiroljahly bo 
roduend to tho nogligihle limit. 

Witli a .suitalilo galvanometer, the nominal valuns of the ro.sist- 
nncc.s and lit can bo enHily udju.sl.ed witliin tlie limits (d) and 

(c) . But Fn and must be considered inviclically as tlu! pre- 
cision measures of and lU. 'I'hey ineludo the calibration 
errors of tho rcsisluneeH, the errors duo to Iwikage belweiJii llio 
terminals of individual coils, and tho errors duo to nonnniformity 
of temperatuvo as well ns tins errors of setting of the con taels 2 
and 3, Fig. 10. Tho resvdtaut of these errors eiiu he reduced 
below the limits (d) and (e), but in the pisvse.nt ease it would ho 
coiivotiicnt to have aomowhat larger limits in ord(!i' to rnduco llio 
expense of conslrueUon and onlihration. 

Hence, wlulo all of the 1i'» given l)y equations (xi) iiro within 
attainable limits, tlio preliminary considen-aLion of niinimuin 
expeaso would bo moro likely to bo fuifillod if tiio limits (a), 

(d) , and (o) wore somewhat larger. Obviously Uio magnitude of 
these limits can bo inoroa.sod witlunit violating (Ihj primary con- 
dition (vii) i)rovidcd a eorrosiionding d(!cr<ause in the magnitudes 
of tho limits (b) and (n) is possible. 

By equation (131), nrliolo .sovonty-nine, llie .seimrale effects D} 
and Dj will bo simultaneously negligible if 


“ Ds 


~ 111 ^ 1 
3 Vj 3 V2 


± 0.00028, 


whou 

and 


Uj y^XKJ^jy \/Li\^ \^ii\y*.^ v/a ^ 

£2 s ± 3 --h 0 . 000051 , 


p - ^ 0-00t)28 . noorto 

0.00094 =2 ^ ® 


trii* 

(b') 

W) 


Since these limits can be readied with much greater case than the 
limits (a), (d), and (c), thej' may bo adopted ns final specific/i- 
tioiis and the eorrcsiioiuling D’a may be oinittctl during tlio deter- 
mination of new limits for the components E^, R\, and 
Under tlicse conditions, equation (i.x) bccomc.s 


Z)| — 7^4 — /Ig 


..Ko 

Vn' 


0.0012 

V3 


= ± 0 . 00069 . 


Hence the largest allowable limits for the errors of i?i6, 


R 2 are 


„ , 0.00069 , u 

— d: — Q 70 — ^ ~ ^ 0.00091 voit| 

„ 0.00069 „„„ , 

E4 - ± "o ooff = ± 

„ , 0.00069 . 1 

0.00083 


Rif and 
(a') 

iiV) 

(oO 


While these limits cannot be <juito so easily attained as (b') and 
(c'), they cannot be increased ^vithont violating the primary con- 
dition (vii). Consequently they satisfy Iho condition of minimum 
(ixpensc, so far as the proposed inctliocl is concernod, and may bo 
adopted as final specifications, 

"riic fra(5tionnl errors corresponding to the sjiocifiod precision 
measure of V and the above limiting errors of the components 
Rn 

Po = Y ==± 0.0011 = ± 0.11%, 

7 ", = ^ = ± 0.00003 == ± 0 . 063 %, 

Pi = -- = rb 0.050 = ± 5 . 9 %, 
a 

Ps = Y = ± 0.015 = ± 1 . 5 %, 

P 4 = §• = ± 0.00063 = ± 0 . 063 %, 

ll I 

Pi = = ± 0.00063 = 0 . 063 %. 


within 5.9 per cent, t within 1.5 per cent, and /?i6, /ij, and cacii 
witliiu 0.063 per cent. These limits are all attainable in i)ractico 
under suitable conditions, as pointed out above, lienco the pro- 
posed rnetliod is practicable. 

If the finnl measurements are so devised and executed that the 
above conditions arc fulfilled, the precision of the result computed 
from them will bo within the specified limits and tlic expense of 
the work will be reduced to the lowest limit compatible with the 
proposed method. The desired result might be obtained at less 
cx^3cnsc by some other nwthod, hut a decision on this ]3oint can 
be reached only by coini^aring the ])rccision reciuinmionts and 
practicability of various metl\ods with the aid of annlysos similar 
to the above. 


CHAPTER XIL 

BEST MAGNITUDES FOR COMPONENTS. 


82. Statement of the Problem. — The j)rcc*i«ion of n derived 
quantity depends on the relative magnitudes ami precision of tiic 
components from which it is computed, as explained in Chaj^ter 
VIII. Thus, if the derived quantity Xa is giveti in terms of the 
components Xi, . • . , by the expression 

.To ^ F{xuX2y . . . , (144) 

the probable error of Xo is giv<m by the expression 

+ .%^E2^ + • ‘ (145) 


whore the E*b represent the probable errors of the x*s with corre- 
sponding sub.scripts, and 


S,= 




S2 


OF . 
6x2* 


^ a 


( 146 ) 


Tlie error E, corresponding to any directly measured com- 
])oncnfc, is generally, Imt not always, indepondent of the absolute 
magnitude of that component so long as the measurements aro 
made by the same method and apparatus. For example: ilie 
llrobable error of a single inensurcnient with a micrometer caliper, 
graduated to 0.01 millimeter, is approximately equal to 0.004 
miUiincicv, whatever the umgnitude of the object measured so 
long as it is within the range of the instrument. Hence, when 
the methods and instruments to be used in measuring each of 
the components arc known in advance, the probable errors Ei, 
F!2y etc., can be detcrniinnd, at least approximately, by preliminary 
measurements on quantities of the same kind as the components 
but of any convenient magnitude. Under these conditions the 
on the right-hand side of equation (145) may bo treated as 
known constants, and, since the S^s arc expressible in terms of 
Xu X 2 , etc., by equations (140), the vnhie of Eq corresponding to 
the given methods cannot be changed without a simultaneous 
change in the relative or absolute magnitudes of tho components. 

106 



change in tfio magnitudes ol Ui<i x s is not always possible. But 
it frequently happens that the form of the function F is such that 
the relative magnitiicle.s of the components can be changed tlirough 
somewhat wide limits and still satisfy equation Thus, if 

a cylinder is to have a specified volume, it may bo made long and 
thin, or short and tliick, and have the same volume in either case* 
Consequently it is soinetiinos possible to S(3ioct magnitudes for 
tho components that will give a minimum value of Eq and at the 
same time satisfy equation (144). 

The ]Woblcm before us may bo briefly stated as follows: Having 
given definite methods and apjiaratus for tlu^ measurement of tho 
components of a derived quantity .tq, what nmgniluclcis of the 
components will give a minimum vaUic to the probable error Eq of 
:ro and at the same time satisfy tho functional relation (144)? 

It can be easily seen tliat a i^ractical solution of tliis problem 
is not always possible. In tho first ])laco tho form of the function 
^.inay be such as to admit of but a single system of magnitudes 
of tho components, and consequently the value of Eq is definitely 
fixed by equation (145). In some eases there arc no real values 
of tho x's that will satisfy ))oth (144) and tho conditions for a 
minimum of Eq. When values can be found that satisfy the 
mathematical conditions they arc not always attainable in prac- 
tice* Filially the probable errors Eu etc,, may not bo indo- 
pendent of tho magnitudes of tho corresponding components or 
it may be impossible to determine them in advance of tho final 
measuremeuts. 

When the arc not independent of the it sometimes 
happens that tho fractional errors 



(147) 


arc constant and determinable in advance. In such cases tho 
problem may be solvable by putting (145) in tho equivalent form 

Eq^ - Si^PW + + • , . + (148) 


expressing the S^s in terms of tho coin])oncnts by equations (14G), 
and determining the values of the x^s that will render (148) a 
minimum subject to tho condition (144). 



obvious that the results thus obtaiued arc tiic best magnitudes 
that can be assigned to the components, and that they sliould 
be adopted as nearly as possible in carrying out tho final measure- 
ments froni which Xq is to bo computed. 

83 . General Solutions. — The general conditions for a mini- 
mum or a maximum value of when Xo is treated as a constant 
and the variables are requirtnl to satisfy the relation (141), but 
are otherwise independent, an^ 


_2K — 
dx\ dxi 


-0, 


dJl 

dX2 


2K~~ = 0 , 

dX2 


OXq OXq 



(0 


ft'horo K is an arbitrary constant. By introducing the expressions 
(145) and (140), transposing and dividing by two, equations (i) 
become 




+ = KSu 


+ S,§IK,’.KS,. 


OXq ^Xq 


+<s4§^'‘«' “ 


(149) 


When tl\c S^s have been replaced by x^s with the aid of equa- 
tions (140), thG(/ equations (149), togctlier witlij(144), are theoreti- 
cally sufficient for the determination of all of the (? + 1 unknown 
quantities Xi, .T 2 , . . . , and X. However, in some cases a 
practicable solution is not possilde, and in others tho components 
or their ratios come out as tho roots of (equations of the sceoufl 
or higher degree. Tho zero, infinite, and imaginary I’oots of these 
equations iiave no practical significance in tire present discussion 
and need not lie considered. Sonn^ of tiie real roots correspond to 
a maximum, some to a minimum, and otiums to ncitlicr a maximum 
nor a minimum value of In mo.st cases the roots that corre- 
spond to a minimum of Eq^ can be selected by inspection witli tlic 


\V('ll-iciiowji criKjna ui me ucuuuiui>. 

Dividing cnuatioii (l id) by .ly and putting 
7’ = ^ = 1 ^ ■ 7’ = = i • T = -? = -- —• 

’ Xg .To OXi ' ^ Xo Xg 0X2 ’ ' * Xo OXg 


m) 


gives tiu! ex])icssion 
2?o‘ 


P„2 = ill + 7’2%= + 


+ ‘(151) 


for thci fnictioiial error of a‘o* Since .ro is a constant in any givcMi 
problem the inaxinia and minima of /V coiTes])ond to tlie same 
values of the components as tiiose of /iV. Sometimes tlie form 
of the function F is such that tlic expression (151), when expanded 
in terms of the x\s, is much simpler than (M5). Tn such cases it 
is much easier to determine tlie minima of IV tinan of For 
this purpose the equations of condition (i) may be put in tlic form 


dxi XoDxi 

<2111-2- — -0 
a’o dxa * 


(152) 


dXg Xo dXVy ’ 


anti by substitution and trans])osition wc luivo 

r.g., 



• • +T,jhi:,^ = K7', 

a jp 2 a, 

+ • 

■ • +'i\^^Bp = Kr2 

D TP 2 \ 

2— Xl2 • 

dx„ 

« « « • 


(153) 


When the components arc required to satisfy t!\e condition (144) 
and a given constant value is assigned to Xo, equations (153) lead 
to exactly the same results as equations (149). In fact either of 
tlicsc sets of equations can be derived from the other by purely 
algebraic methods when the jS*s and arc expressed in terms of 
the x’s. In practice one or the other of the sets will be the simpler, 
depending on the form of the function F] and the sim]>Icr form 





aJgebraici transformation. 

In sonio problems the magnitude of one or more of tlie com- 
ponents in the function F can be varied at will and dotorn\ined 
with such precision that their probable errors are negligible in 
comparison with those of the otlier components. Variables that 
fulfill tlH.‘se conditions will be called /rce amponeni^. Since any 
convenient magnitude can bo assigmu! to them, their values can 
always be so chosen that the condition (M4) will be fulfilled 
whatever the values of the other components. Consequently tli<j 
latbir coinimnents may be treated <ns independent variables in 
determining the minima of jbo- or Po'-. 

Under these conditions tho /'J^s corresponding to the free com- 
ponents can be pliiccd equal to zero, and cither AV or /V can 
somt^times be cx]>ressed as a function of independent variables 
only by clitninating the free components from tire *S''s or the 
with the aid of e.quation (144). When this elimination can be 
effected, the ininimum conditions may be derived fro?n equations 
(140) or (lf)3), as the ease may be, by placing K equal to zero and 
omitting the equations involving derivatives with respect to the 
free coinpomnits. This is evident because the remaining com- 
ponents are entirely indo])endcnt, and consequently the partial 
dorivativoR of or with res])eet to each of Ihcni must vanisli 
when the values of the variables eorrespoivl to the maxima or 
minima of these functions. Wlion the elimination cannot bo 
accomplished, neither equations (149) nor (153) will lead to con- 
sistent results and tlie problem is generally insolvabie. 

In practice it frcciucntly happens that the free components are 
factor.s of the function P, and arc not included in any other way. 
UikUt these conditions titcy do not occur in the 'f *s corresponding 
to the remaining components, since the form of equations (150) 
is such that they are <autonmtically (fliininatccl. Consequently, 
in this case, the conditions for a minimum arc given at once by 
equations (153) whon K is iak(‘n equal to zero, since the derivatives 
with rcs])ect to the free (lompononts all vanish and the correspond- 
ing 7?^s are negligible. It is scarcely necessary to point out that 
the remarks in the jiaragraph following equations (149), except 
for obvious changes in notation, apply with equal rigor to equa- 
tions (153), wlicther K is zero or finite. The values of tho .r's 
derived from tUi’se equations should never be {\ssumed to cori'c- 
Spond to the minima of Pq^ without further investigation. 


is givoti in tlic form 

.rb = axi”' + + 0X3’“, (ii) 

whore a, h, c, and the /I’s fire constants. If the probahlo error.s 
El, Ei, iiiul A'j of thc.r:’s with coimspoiuling subscripts arc known, 
and iiulopoiulent of the tnngnitndo of tlio coinponenls, wliat mag- 
nitudes of tlic components will give the least possible value to the 
probable error Ea of .ro? 

By equations (I'lb), 

/Si = -S3 = -S» = (iii) 


Consequently 

~ =rtni («i — 1) 

0.1:1 

^^ = 0; = 

0.T3 ’ d.X2 3X2 

£^• = 0; ^- = 0; = c«3(n.i- 

3.r3 dX3 0 x 3 


= 0- -- = 0 

3 xi ’ 3 .r, ' 


Sub.stitutiiig these results in equations (149) and dividing the 
first equation by Si, tiro second by Si, and the third by -Sa, the 
conditions for a ininimuni value of AV bocoino 
J?i®n>!i (wi — = K, 

Ei^bni{ni~l)x2^'‘>-'^'> =K, 

Eihm (na - 1) = K. 

Dividing t.!\c second and third of theso equations by the first 
and transjTOsiug the cocfTicicnts to tho sccoful member gives tho 
ratios of the components in tho form 

.rjt'n-J) _ AVaw, (a, - 1) | 

/Ja^hnaCn, - 1)’ 

aijCm-a) 7?j2crt3(n3 — 1)' 

Theso two equations together with (ii) aro tiicorctically sufRoiont 
for the determination of tiro boat magnitudes for tho tlrrco com- 
ponents xi, X2, and X3; Imt it can bo easily seen, from tiro form of 
tiro equations, that a solution is not practicable for all ^lossiblo 
values of the n’s. 
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components given by (iv) nro both indctcrmiimte, each being 
e(|Utal to Consequently the problem has no solution in this 


cas(j. This conclusion might have been rcachcKl at onco by 
inspecting Uhj value of /?©” given by equation (145), when the S’s 
arc expressed in terms of the components. Thus, ])hicing the a*s 
equal to unity in equations (iii) and substituting the results in 
(145), wo find 

- a^Ex^ + b^E2^ + 


Since Eq^ Is independent of the x*s it can have no maxima or 
minima with respect to the components. 

When each of the n^s equals two, equations (iv) are indc** 
])cndent of the x’s, and consequently the problem is not solvable. 
Tn tins case (ii) becomes 

ao = GXi^ + 6x2^ + CX3^, 

and (145) reduces to 

i?o“ - 4 + 4 b^X2yi!2^ + 4 


Since these equations differ only in the values of the constant 
coefficients of tl\e x’s, no magnitudes can be assigned to the com- 
ponents that will give a minimum value to 7?o^ and at the siuno 
tinio satisfy thrj equation for Xq. 

If each of the a^s is placctl equal to three, equation (ii) takes 
the form 

.To - aXi^ + 6X2^ + CX3^ (v) 


and equations (iv) ])ocome 

X2 _ aEi^ 
Xx~bE^^' 

Xi cEz^ 


(iv') 


In this case the problem can bo easily solved whon tho numerical 
values of tho coefficients and the 7 j?*s are known As a very 
sim])Ie illustration, suppose that 

^ = 5 = and E\ — E^ ~ Ez = -K, 

then, by (iv') and (v), 

ra;i’= *2 = Xs = 
and, by (145) and (iii), 


So'* = 9 (•'Ci' + Xi* + X3<) B*. 


equalioiv (v), and siace the fourth powf.'r of a qiiairtity varies 
more ra])iclly than llio tliirtl, it is oljvious that tlio luiiiimutu 
value of /?o^ wilt ocevu- whou the x’a are all equal. Cousequontly 
tlic ai)o\'C solatioii correspoials to a iiiiiuiuuui ol Eq’, 

It eati bo easily seen that there arc many other enso.s in which 
equations (ii) and (iv) can be solved, and also somo otiiors in 
which no solution is po-ssiblo. The (jxlension of the inobleni to 
functions in the same form as equation (ii), but containing any 
number of similar terms, involvo.s only tho addition of one equa- 
tion in the form of (iv) for oacli arldcd component. ()bviously 
these equations hold for negativo as well as positive values of tho 
csiclficients and exi)onents of tho x’.s. 

As a second example, consider the functional relation 

Xo = axi"' X (vi) 

In this ease the sdution is moro ea.sily effected by tho second 
method given in tho preceding article. J 3 y equations (ICO) 


Consequently 


dXi xx*' t)Xi ’ 

dT,_. 

dx-i dX2 X2^’ 


and equations (ISlj) reduce to tho simple form 


Xi* 


~K; 



-K, 


(vii) 


(viii) 


where /i’l and E<i arc tho known conslaut probable orrons of Xi and 
Xa. Eliminating K, wo Iinvo 

.m. 

Xi® ~ «i * /i’l*’ 


Consequently tho ])rol)loin is always solvable when ?ii and 1x2 
have the same sign. When they have difforent signs tho solvi- 
tion is imaginaiy. Honco there are no ))ost magnitudes for the 
components whou tho derived quantity is given as tho ratio of 
two measured quantities. 
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ber of factors is obvious. When the exponents of all of the 
factors have the same sign the problem is always solvable but 
the best magnitudes thus found may not he attainable in praetico, 
If part of the exponents arc positive and others arc negative the 
solution is imaginary. 

8s. Practical Examples. 

I. 

In many experiments the desired result depends directly 
the determination of the quantity of heat generated by an electric 
current in ])nssing through a resistance coil. Let I rcpre.sont tlio 
current inttjnsity and K tl\c fall of potential between tho Icnninals 
of the coil. Then the quantity of heat II developed in i seconds 
may be computed by tho relation 

JH =■/£/, 

wh<u’c J rc])rcscnts the mechatiical equivalent of heat. If II is 
measured in calorics, I in amperes, ii? in volts, and i in seconds, 

^ is equal to 0.239 calorie per Joule and tho above relation bccoinc^s 

// = 0.239 (ix) 

Suppose tlmt the conditions of the problem in hand are such 
that II sho\il(l be made approximately equal to 1000 calories. 
Since the resistance of the heating coil is not specified it can be so 
(Jioscn that I and E may have any convenient values that satisfy' 
tho relation (ix) when // has the above value. Oinuoimly t can 
be varied at will, by changing the time of run, and (ix) will not 
1)0 violated if suitable values are assigned to I and E. If the 
instrinnents available for measuring /, A’, and t are an ammettjr 
graduatiid to tcntlis of an amperre, a voltmot(*r graduated to 
tenths of a volt, and a common watch with a seconds hand, what 
are the best magnitudes that can bo assigned to the components, 
i.o,, wliat magnitudes of /, E^ and t will give the computed II 
with tlio least probabh^ error? 

By comparing equations (ix) and (vi), it is easy to see that 
the present problem is an application of the second special caso 
worked out in tho preceding article when a third variable factor 
x/3 is annexed to (vi). H corresponds 'to a;©, I to Xi, E to Xi, i to 
0 ^ 3 , and nil of the n’s in (vi) are equal to unity. Consequently 


ciTors of tlio components. 

With tho iivftilnblc instruments, tlie inobablo errors 7i,-, lie, imd 
E, of I, E, find I, respeetivoly, will lx; pnioticfilly iiulopendont of 
the magnitude! of tho incasurcd tpiantilies so long fi.s tlio range 
of the inslrunicnts is not exccoiled. Under tlu! conditions tlifit 
nsuaify prevail in such observations tho following preci.sion may 
be fittaincd with reasonable can;: 

Ei = O.O.a ampere; I'h ~ 0.05 volt; = 1 second. 


Tho conditions for a miniimim value of the probable error Eo 
of // cfin bo derived by exactly the .same niotliod that was used 
ill obtaining cquation.s (viii), or tho.se equations may bo u.sed at 
once with jiroiier .substitutions as outlined above. Coiusoquenlly 
the best magnitudes for the components arc given liy the simul- 
taneous solution of (ix) nnd tlio following tbroo apiations, 


/2 ^ < / j ,'2 


- Jf; 


y 


= - 7 ( 


Eliminating K and .substituting tlic miinorical values of tho 
probable errors wo have 

Consequently 

E ~ 1 and I = 20 • 7. (x) 


Substituting those results and tlio numorical value of II in (ix) 
wo have 


and lienee 


1000 = 0.239 X 20 X /^ 
7 = 5.94 ntnporos 


is the best magnitude to assign to tho eurront strength uhdor tho 
given conditions. Tho corresponding magnitudes for tho olectro- 
motivB force and time found by (x) nro 

E = 5.94 volts nnd < = 119 seconds. 


If the above values of tho components and thoir probablo errors 
aro substituted in equation (151), tho fractional error of // comes 
out 


P<? 




X 10-«, 



Eq = 1000 Po = 15 calorics. 

If any other magnitudes for the components, that satisfy cquiir 
tion (ix), are used in place of the above in (151), the computed 
vahui of 7?o will be greater than fifteen calorics. Coiivscqucntly 
the above solution corresponds to a minimum value of Po. 

In order to fulfill the above conditions the resistance of the 
heating coil must be so chosen as to satisfy the relation 



Since our solution calls for numerically equal values of I and S, 
the resistance R must be made equal to one olim. 

It can ])e easily soon that small variations in the values of the 
components will produce no appreciable eflect on the probable 
error of //, since the numerical value of is never expressed by 
more than two significant figures. Consequent^" the foregoing 
discussion leads to the following practical suggestions regarding 
tin) conduct of the experiment. The heating coil should be so 
constructed that the heat developed in the leads is negligible in 
comparison with that developed between the t(n*minals of the 
voltinotcr. The resistance of the coil should bo one ohm. The 
current strength should be adjusted to approximately six amperes 
and allowed to flow continuously for about two minutes. Under 
tliosc conditions the difference in potential between the terminals 
of the coil will bo about six volts. The conditions under which 
7, P, and t arc observed should be so chosen that the probable 
errors 8i)ccific(l abovo aro not exceeded. 

If the abovo .suggestions arc carried out in practice the value 
of JI com])uted from tlio observed values of 7, E, and t by equa- 
tion (ix) will be ^approximately 1000 calories, and its probable 
error will bo about fifteen calorics. A more precise result than 
this cannot ho obtained with the given instruments unless the 
probable errors of 7, P, and t can be materially decreased by 
modifying the conditions and methods of observation. 


II. 

A partial discussion of the problem of finding the best magni- 
tudes for the (!om]ionents involved in the measurement of the 
strength of aii electric current with a tangent galvanometer may 


ooinputcfi current strength due to a given (uror in the obsorv(?(l 
deflection. On the assuinptiou, tncit or oxprossf^d, thut tho effects 
of the errors of all otlujr components are n(?gIigil)Io it is i)rovc(l 
that the effect of tho defloctioii error is a miniumin when tho 
deflection is about forty-five d(;grees. Although Uio tangent gal- 
vanoiiKjter is now seldom used in practice it provides an iiistruetivo 
example in the calculation of best magnitudes since the general 
bearings of the problem are already faniiliiir to most students. 

In order to avoid wuuccessury eon\pUcations, consi<lor a s\n\]de 
form of instrument with a compass needle wliose position is 
observed directly on a circle graduated in dcjgrces. iSiippose that 
t)ic needle is ]hvoted at the center of a single eoil of /V turns of 
wire, and li centimeters menu radius. Under theses conditions the 
current strength I is connected with tho observed dcfl(?otion 0 by 
tlic relation jjn 

where; H is tho horizontal intensity of a uniform external magnetio 
field parallel to tho piano of the coil. In i)ractico tho plane of tho 
coil is usually placed ]M\vullcl to the magnetic meridian and // 
is taken equal to the horizontal component of tho oartids nifig- 
nctism. 

is an observed component but it can be so i)rccisoly deter- 
mined by direct counting, during the construction of tho coil, 
that its error may 1)0 considered negligible in comparison witli 
those of the other components. Uiirthermore it can bo given any 
desired value when an instrument is desigm'd to inent spr^eial 
needs, and a choice among a number of differciit valuo.s i.s possi- 
ble in most completed instruments. Consequently tho quantity 

2 "^ may bo treated as a free com])onent, represented by ^1, and 

tho expression for tho current strength may be written in tho 

I — Aim * tan 0. (xi) 

Comparing this expression with tlio general equation (144) wo 
note that I corrcsr)on(Is to .To, H to xu li to and 0 to xs. 

Since A is free, the components //, R, and 0 are entirely inde. 
pendent; and any convenient magnitudes can bo made to satisfy 



soqutMitly, as pointed out in article eiglity-tlirec willi res])eet to 
functions containing a free component as a factor, tlic conditions 
for a minimum probable error of / arc given by equations (153) 
with K placed equal to zero. By making the above substitutions 
for the x's III equations (150) and performing the differentiations 
we have 


Consequently 




1_. 

R’ 


'i\ 


2 

sin 2^’ 


(xii) 


^ _ L • ^ = n- 

dH ~ IP ’ dll ~ dll 

OR ■' ’ dli ” IP’ OR ’ 

d<t> d<p sin*2^’ 


<and, if the probable errors of //, R, niul <t> are represented by Ei, 
E 2 , and A’a, respectively, equations (153) l)ecoine 


Ei^ 

IP 


= 0 ; 


R^ ’ 




(xiii) 


If El and could be made negligible, ns is tacitly assumed in 
most discussions of the j)rcscnt problem, the first two of equations 
(xiii) would he satisfied whatever the values of II and /?. Conse- 
quently these components would be free and 0 woukl be the only 
independent Vtariable involved in equation (xi). Under these 
conditions the minimum vnluo of the probable error of I corre- 
sponds to the value of 0 derived from tiie third of equations (xiii). 
The general solution of this equation is 


0^- (2n-- 1)^. 


where n represents any integer. But, since values of 0 greater 

than ^ are not attainable in practice, n must bo taken ccjual to 

unity in tlio pn^sont ease and consequcmlly iho best magnitude 
for tile deflection is forty-five degrees. It is obvious tiiut (xi) 
can always be satisfied wlion 7 1ms any given value, and 0 is 
equal to fort 3 '^'fivc degrees by suitably choosing the values of the 
free components iV, 77, and /?. 


where 


Jo ~ IP ^ IP ^ sill'* 2 0 . 

= 1\^ + Pj* + Pz\ 

^ E\ jj in 

^> = 77 * ^^ = ii7r2 0 


arc the sc|)arate effects of the probable errors Ei, E^, and E}, 
respeetivciy. If both cuds of the needle are read with direct and 
nivcrsed current so that (p represents the mean of four observa- 
tions, E} sliould not exceed 0'’.025 or 0.000-14 nuliiuis, and it might 
be made less tlian this witli sufficient care. Consequently, when 
(f> is equal to forty-five degrees, 

Pa = 0.00088. 


By an argument similar to that given in article seventy-nine it can 
be proved that P\ and Pa will be simultaneously negligible wlien 
tliey satisfy the condition 

p, = Pj g lA = 0.00021. 

3 V2 


Henco, in order that thn effects of Ei and E 2 may be negligible in 
comparison with that of /S 3 , // aud R must he detenniued within 
about two one-hundredths of one per cent. 

Witli an instrument of tlie type considered it would seldom be 
possible and never worth while to determine II and It wiili the 
precision necessary to fulfil! the above condition. Ii\ common 
practice E\ and Ez aro generally far above the negligible limit 
and it would be necessary to make both II and li equal to infinity 
'm order to satisfy the first two of the minimum conditions (xiii). 
Hence there is no practically attainable minimum value of 
This conclusion can also be derived directly by inspection of 
equation (xiv). decreases uniformly as 11 and li arc increased, 
and becomes equal to ^ 3 ^ when they reach infinity, 

Althougli a minimum value of Po is not attainable, tho fore- 
going discussion leads to some practical suggcsllous regarding 
the design and use of the tangent galvanometer. For any given 
values of Ezt and ffa, tlie minimum value of 7^3 occurs when 0 
is equal to forty-five (h^grecs. Also Pi and P 2 decrease as II and 
R increase. Consequently the directive force II and the radius 



conciiuons uiuier wiuen me insirutnent is to ue usca, anu me 
number of turns N in the coil should be so chosen tliat the observed 
deflection will be about forty-five degrees. 

The practical limit to the magnitude of fi is generally set liy a 
considtu'ntion of the cost and convenient size of the instrument. 
Moreover when R is increased /V must be increased in like ratio 
in order to satisfy the fundamental relation (xi) without altering 
the observed defiection or decreasing tlic value of //. There 
is an indefinite limit beyond which jV cannot be increased with- 
out introducing the chance of error in counting and greatly in- 
creasing the difficulty of determining the exact magnitude of R. 
Above this limit E 2 is approximately proportional to R, and, as 
can bo easily seen by equation (xiv), there is no advantage to 
be gained by a further increase in the magnitude of R. 

II can be varied by suitably placed permanent magnets, but 
it is difficult to maintain strong magnetic fields uniform and con- 
stant within the required limits. J5vcn under the most favorable 
conditions, the exact determination of // is very tedious and 
involves relatively large errors. Consequently P\^ is likely to be 
the largest of the three terms on the right-liand side of equation 
(xiv). Under suitable conditions it can be reduced in magnitude 
by increasing H to the limit at which the value of Ei begins to 
Increase. However, such a procedure involves an increased value 
of in order to satisfy equation (xi), and consequently it may 
(!ause an incrciuse in E 2 owing to the relation between iV and R 
pointed out in the preceding fiaragraph. 7n such a case the gain 
in precision due to a decreased value of Pi would be nearly bal- 
anced by an increased value of P2. 

In {common practice the instrument is so adjusted that H is 
equal to the horizontal component of tins earth's magnetic field 
at the time and place of observation. Unless H is very carefully 
determined at the exact location of the instrument, Ei is likely 

to bo as large as 0.005 and, since the order of magnitude 

Ctti 

of 11 is about 0.2 approximately equal to 0,025. 

car 

Hence both Pg and P3 will be negligible in comparison with Pi it 
they satisfy the relation 

= Pa s — ^ 0.0059. 

3 v2 



pQ ^ Pi = 2.5 per cent, 

and it woulil be useless to attempt an improvcnioiit in precision 
by adjusting the values of iV, and 0. With sunicicnt care in 
determining //, P\ can be reduced to such an exleiit that it be- 
comes worth while to carry out the suggestions regarding the 
design and use of thii instriiincnt given by the foregoing tlu'ory. 
But when tlie value of H is assumed from measii rein cuts made in 
a neighboring location or is taken from tables or charts the i)cr- 
centage error of 1 will be nearly equal to that of H regardless of 
the adoj)ted values of R and 0. Under such conditions Pq can- 
not be exactly determined l)ut it will seldom be less tlian two or 
three per cent of the niensurod magnitude of L 

The above prol)lcm has been discussed soinewliat in detail in 
order to illustrate the inconsistent results that are likely to be 
oI)taine(l in determining best magnitudes when the effects of the 
errors of some of the components are neglected. It is never 
safe to assume that the error of a eom])onent is negiigil)lc until 
its eiTcct has been compared with that of the errors of the other 
components. 

III. 

Figure eleven is a diagram of the apparatus and conncjctions 
commonly used in determining tlic internal resistance of a bat- 
tery by the condenser mctliod. G is a ballistic galvanometer, 
C a condenser, R a known resistance, K\ a charge and discharge 
Icey, /C 2 a plug or meroiiry key, nn<l B a battery to bn tested. 

Let X\ represent tlic ballistic tlirow of the galvanometer when 
the condenser is charged and discharged with the key open, 
and xi the corresponding throw when is closed. Then tlie . 
internal resistance of the batteiy may bo computed by the 
relation 

lid = (xv) 

.T2 

Under ordinary conditions the probable errors of Xi and Xj 
cannot be made much less than onc-lialf of one per cent of the 
observed throws wlicn a telescope, mirror, and scale arc used. On 
the other hand the probable error of R should not exceed onc-tcntli 
of one per cent if a suitably calibrated resistance is used and the 



hlleu, it can l)e (m^ny proved that the effect of tlic error of Jt is 
JiogIigil )]0 in comparison with tJiat of the errors of Xi and Xs^ 
Furthernaorc any convenient value cun be assigned to Ri such 



B 

Fio, 11, 


that (xv) will be satisfied whatever tlic values of Xi and Con- 
seciuently R may he titrated as a free component mul the throws 
xi and X 2 as independent variables. 

For the purpose of <letermining the magnitudes of the com- 
ponents /tl, ai, and that correspond to a minimum value of the 
factional error Pq of Ro, wc have by equations (150) and (xv) 


rn f . /n _ ’^1 

I I , 1 2 — 7 r * 

Xi — X-jt Xi (Xi — Xi) 

Consequently 


dTi . 
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dxi 

(a:i ~ .Tj)* ’ 3x1 

(x, 

- Xi)^’ 

dTi_ 

1 . clTi 

JTi^ - 

2 X 1 X 2 

dxt 
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H 
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1 

xj^a:! 
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(xvi) 


Since Xi and Xi arc independent, K must be taken equal to zero 
in the minimum conditions (153), Hence, dividing the first two 
equations by T\, wo have 


^ 7jT 2 ^ jli Ip 

{xi-x^r ‘ " 



■ri° -- 2 x,.vt 

:C2 * (xi — Xi) 


where Ei and Pi arc the probable errors of xi and respectively. 




sume the simple form 


Ei! 


-2 


El 4 , ^ 

X2 /i’2* 


= 0 , 


£il 

3:2^ 



(a) 

(b) 


Since Ei^ and arc always positive, it is obvious that there 
arc no values of a:i and *2 that will satisfy botli of these equations 
at the same time. Hence, when and xz can bo varied inde- 
pendently, tliey caiuiot be so chosen tliat the fractional error Po 
will bo a miniinuni. However, if 42 is kept constant at any as- 
signed value, Po will pass through a inininunn when a’l satisfies 
equation (a). On the otirer hand if any constant value is as.signed 
to Xi the minima and maxima of Po null correspond to the roots 
of equation (b). 

In practice .ti is the throw of the galvanometer needle due to 
the electromotive force of the l)attcry when on open eireiiit; and 
it is very nearly constant, during a scries of observations, wlnm 
suitable precautions arc taken to avoid the effects of polariza- 
tion. Both a:i and .r2 can bo varied by changing the capacity 
of the condenser or the sensitiveness of the galvanometer, but 
their ratio depends only on the ratio of Po to It. Consequently, 
if any convenient magnitude is assigned to .ti, the root of equa- 
tion (b) that corresponds to a ininiimim value of Po gives tin; 
best magnitude for the component Xz. 

Since Xi and .x-2 are similar quantities, determined with the same 
instruments and under the same conditions, Ei is generally equal 

to Ez. Hence, if wo rei)Iace the ratio — by y, equation (b) be- 
comes ^ o o f rv /I /X 

2/3 - 2 J,* - 1 = 0. (bO 

Tlic only real root of this equation is 

y = 2.206G. 

By equations (151) and (xvi) 

P* = 

“ (^1 - .•r2)‘' Xz^ (xi - xz)^ ' 

E, = Ez = E and = y, 

^2 

+ ?/ 


Putting 


p 2 

Under this condition it can be easily proved by trial that 

approaches a minimum as y approaches the value given above, 
provided any constant value is assigned to Xu 
Equation (xv) may be put in the form 
Ro ^ R{y - 1), 

and, by introducing the value of y given by the minimum condi- 
tion (bO) we have 

R = 0.83 /?o. 

Consequently the greatest attcainable precision in the determina- 
tion of i?o will be obtained when R is made equal to aljout eiglitj^ 
three per cent of 7?o. If R is adjusted to this value Xi and X 2 will 
satisfy e(iuation (b), whatever tlie magnitude of the capacity used, 
provided the observations arc so made that K\ and E 2 are cquaK 
\Vhen the internal resistance of the batter^' is veiy low it is 
sometimes impracticable to fulfill the above thooreticail conditions 
bocaiiscj ti\o errors tiue to polarization arc likely to more than olT- 
set the gain in precision corresponding to tlie theoretically best 
magnitudes of the components. In sucli cases a high degree of 
precision is not attainable, but it is generally advisable to make R 
considerably larger than Rq in order to reduce polarization errors. 

86. Sensitiveness of Methods and Instruments. — The pre- 
cision attainable in the determination of directly measured com- 
ponents depends very largely on the sensitiveness of indicating 
instruments and on the methods of adjustment and obseiwation. 
The design and construction of an instrument fixes its intrinsic 
sensitiveness; Init its effective sensitiveness, when used as an indi- 
cating device, depends on the circumstances under which it is used 
and is frequently a function of the magnitudes of measured quan- 
tities and other determining factors. Thus; the intrinsic sensi- 
tiveness of a galvanometer is determined by the number of 
windings in the coils, the moment of the directive coui)Io, and 
various other factors that enter into its design and construction. 
On the otlier hand its effective sensitiveness as an indicator in a 
Wlieatstone Bridge is a function of resistances in tlie vavioutS 
arms of the bridge and the electromotive force of the battery 
used. An increase in tlie intrinsic sensitiveness of an instrument 
may cause an increase or a decrease in its effective sensitiveness, 



design and Uic circuinsumees uiuier wnirn ukj lusiruincnt js 
used. 

By a suitable choice of the niagnitudo.s of oljscn-vcd components 
and other determining factors it is soinetinies possible to increase 
the effective sensitiveness of indicating instruments and hence 
also the precision of tlie nicasurcinenls. On the otlicr hand, 
as i)ointed out in Chapter XI, tlic precision of measurements 
Bhould not be greater tliuu that deixiund(!d iiy the use to wUicJi 
tliey arc to be put. In all cti^scs the effectivo .sensitiveness of 
instniinonts ami methods should bo adjusted to give a rc.sult 
definitely within the required ])recision limits determined as in 
Chapter XL Consequently tho best imignitu(h\s for the quan- 
tities that determine the cfliective sensitiveness arc those that 
will give the required precision with tlie least labor mid expense. 
The methods by which such magnitudes can be detonnined depend 
largely on tho nature of tlic ])r<)l)lem in Iiarul, and a general treat- 
ment of them is quite I'^oyond Uie scope of the present treatise. 
Each separate ease demands a sonunvliat detailed discussion of 
llic tluiory and jiractice of tlie proposed measurements and only 
a single example can be given luae for tho purpose? of illustration. 

Since the iiotcntiomoter method of comparing (dectroinotivo 
forces has been quite fully discussed in article eiglity-onc, it will 
bo taken as a basis for the illustration and we will proceed to find 
tlio relation l)otw(a?n the effective scnsitiveiie.ss of tho galvanom- 
eter and the various resistances and electromotive forces involved. 
Since the directly observed components in this method are the 
lusistances /^i and 7?^, tho effective sensitiveness is equal to tlio 
galvanometer deflection corresponding to a unit fractional devia- 
tion of 7t!i or 7?2 from the condition of balance. 

From the discussion given in article eighty-one it is evident that 
the potentiometer method could lie carried out with any conven- 
ient values of the resistances 7di and TZa provided the 3 ^ arc so ad- 


justed that the ratio ^ satisfies equation (ii) in the cited article. 
/l2 

The ai)soliitc magnitudes of these rc.si.stanccs depend on the electro- 
motive force of the battery B 3 and the total resistance of tho cir- 
cuit 1, 2, 3, 7^3, 1 in Fig. 10. Tlie clTcctive sensitiveness of the 
method, and hence the accuracy attainalilc in adju.sting the con- 
tacts 2 and 3 for the condition of balance, depends on the above 



the galvanometer. 

Since /?i and arc adjusted in the same way and under the 
same conditions, the cfTective sensitiveness of the method is the 
samo for both. Cunsequently only one of them will be considered 
in the present discussion, but the results obtained will apjdy with 
equal rigor to either. The cssontini ])arts of the apparatus and 
connections are illustrated in Fig. 12» which is tlie same as Fig. 10 
with the bait(n‘y and its coiuicctions omitted. 



Let V = e.m.f. of battery Bu 
E — e.m.f. of battery Bzt 
R = rosistamic between 1 and 2, 

W = total resistance of the circuit 1, 2, C3, 1, 

G total resistance of the branch I, (7, Bu 2, 

I — ctiiTcnfc through /?3, 
r = current througli Itf 
g - current through B\ and G. 

When the contact 2 is adjusted to the balance position 

E V 

(/—' Of ? = 7, and 1 

Cons(iq\iently 

y = /?•-• (xvii) 

This is the fundamental equation of the potentiometer and must 
be fulfillc^l in every case of balance, Conserjuently E must be 



circuit 1, 2, i? 3 , 1, and lienee is always less than 11’. Equation 
(xvii) may then lie satisfied by a suitable adjustm<;iit of R. 

By applying Kirchhoff’s laws to the cireuit-s 1, G, lii, 2, 1, and 
1, 2, Ih, 1, when the contact 2 is not in the balance position, we 
have 

Ur -(?(/= V, 
and Rr -{■ {W ~ R) I = E. 

But r = / - (/. 

Hence RI — (R + G) (j ~ V, 

and WI - = E. 


Eliminating I and solving for g we find 

WV - RE 

^ R^- Wli -]['(?■ 


(xviii) 


rf /} is the* galvanometer deflection corresponding to tiio current 
g and K is the constant of tho instrument 

0 - KD. 

Most galvanometers are, or can be, provided udtl) i7itcrc}mngc- 
a!}lc coils. The winding space in such coils is usually constant, 
hut the number of windings, and hence tlm resistance, is variable.’ 
Under these conditions the resistance of the galvanometer will l}o 
approximately proportional to the square of the number of turns 
of wire in the coils used. For tho purpose of the present disc\ission, 
this resistance may be assumed to bo equal to 0 since tlic resist- 
ance of tho battery and connecting wires In braiKsh 1, G, 7?i, 2, 
can usually be made very srnall in comparison with that of the 
galvanometer. The constant K is inversely proportional to the 
number of windings in tJie coils used. Con.sequcntly, a.s a sufll- 
ciently close approximation for our present purpose, wc have 


where T is a constant determined by tho dimensions of the coils, 
tho moincnt of tho directive couple, and various otlior factors 
depending on the type of galvanometer adopted. Ilcnco, for any 
given instrument, 



(xix) 
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Itr is CQunl to the dofjoction tljiit would be produccrl by unit current 
if the instrument followed the same law for all values of g. 

By equation (xix) and (xviii) 

- HE 
T ' 


D = 


R‘^ - wit - If G 

The variation in D due to a change dli in R is 

dD Vg E - Wit - 1 1'G) 4- (TT^^ - ItPJ) (2R~W) 

T ' {li^-WR~WG'y- 


OR 


dR, (xx) 


When the potentiometer is adjusted for a balance, D is equal to 
zero and WV is equal to RE by equation (xvii). Hence, if 6 is the 
galvanometer deflection produced when the rc^sistanee R is changed 
from th(j balancing value by an amount dR, equation (xx) may 
be put in the form 

1 vVa 


^ iji ‘ 


R^ 




■dR. 


+ RG 


The fractional cliango in R corresponding to the total change dR 
is 

R ■ 


Consequently 


a 4. 


Pr^ 

vVo 


R 


(l-^ + G 


Pr 


(xxi) 


is the galvanometer deflection corresponding to a fractional error 
Pr in t)ic adjustment of li for bnbince. Tlie coefficient of in 
equation (xxi) is the cfTectivo sensitiveness of the method imdcr 
the given conditions. If this quantity is represented by S, equa- 
tion (xxi) becomes 

h - SPr, 

„ 1 vVa 

o * (xxii) 


R 


(‘40 


+ G 


All of the quantities appearing in the right-hand member of this 
equation may be (ionsidcred as independent variables since equa- 
tion (xvii) can always be satisfied, and hence the potentiometer 


tho resistance W is suitably cliosen. 

If S' is the smallest galvanometer deflection that can be defi- 
nitely rocogniJied with the available means of observation, tlie frac- 
tional error /V of a single observation on 7? should not be greater 

than S' Since the precision attainable in adjusting tho iiotcntiom- 

O 

etcr for balance is inversely proportional to P/t it is directly pro- 
portional to the effective sensitiveness S. By choosing suitable 
magnitudes for the variables 'J\ G, R) and it is usually possible 
to adjust tfic value of S, and hence also of Pr\ to meet the re- 
quirements of any problem. 

From equation (xxii) it is evident that S will increase in magni- 
tude continuously ns the quantities T, R, and E decrojise and that 
it does not pass through a m^iximum value. Tho practicable in- 
crease in S is limited by tho following considenirions: E must be 
greater than F, for the reason pointed out above, and its variation 
is limited by the nature of available batteries. Since E must 
remain consbmt while tlie potentiometer is being balanced alter- 
nately against V and the electromotive force of a standard cell, 
as explained in article eighty-one, the battery /ia must be ca])ablo 
of goncniting a constant electromotive force during a considoraldo 
Ijcriod of time. Tn practice storage colls arc eomiiionly used for 
tliis purpose and E may bo varied by stci)s of a])out two volts by 
connecting the required number of cells in series. Obviously E 
should he madcj as nearly equal to V as local conditions permit. 

When the potentiometer is balanced 

RW 


If R is reduced for the purpose of increasing the effective sensitive- 
ness, W must also be reduced in like ratio, and, consequently, tho 
current / tlirough the instrument will be incrensecl. The ])mc- 
tical limit to this adjustment is reached wlicn the heating effect 
of the current becomes sufficient to cause an appreciable change 
ill the resistances R and W. Witli ordinary resistance boxes this 
limit is reached when I is equal to a few thousandtiis of an ampere. 
Consequently, if E is about two volts, R should not bo made much 
less than one tliousand ohms. Resistance coils made expressly 
for use in a potentiometer can be designed to carry a much larger 



out introd\i«ing serious errors due to the heating effect of the 
current. 

The constant T depends on the type and design of the galva- 
nometer. In the suspended magnet type it can Ikj varied some- 
what by changing the strength of the external magnetic field, and 
in the D^Arsonval type the same result may be attained by eliang- 
ing tlic suspending wires of the movable coil. The effects of tiic 
vibrations of the building in which the instrument b located and 
of accidental changes in the external magnetic field become much 
more troublesome as T is decreased, i c., as the intrinsic sensitive- 
ness is increased. Consequently the practical limit to the retiuc- 
tio 2 i of T is reached when the abov^c effects become sufficient to 
render the observation of small values of 5 uncertain. This limit 
will depend largely on the location of the instrument and the care 
that is taken in mounting it. Sometimes a considerable reduc- 
tion in T can be effected by selecting a typo of galvanometer 
suited to the local conditions. 

If the quantities T, fi, K, and E arc kept constant, *S passes 
through a maximum value when G satisfies the condition 



It can be easily proved by direct differentiation that tins is the 
ease when 

— pj- (xxiii) 

Hence, after suitable values of tlic other variables have been de- 
termined as o\itlined above, the best magnitude for (r is given by 
eciuation (xxiii). Generally this condition cannot be exactly ful- 
filled in in'acticc unless a galvanomctcM* coil is specially wound for 
the purpose; but, when scv'cral interchangeable coils arc available, 
the one sliould be chosen that most nearly fulfills the cfondition. 
In some galvanometers T and G cannot be varied independently, 
and in such cases suitable values can be determined only by trial. 

Since the case and rapidity with which the observations can bo 
made increase wdth T, it is usuallj^ advisable to adjust the other 
variables to give the greatest practicable value to the second 
factor in S, and then adjust T so that the effective sensitiveness 



As an illustration consider the numerical data given in article 
ciglity-oiic. It was in-ovcd that the specified precision rociuire- 
ments cannot be satisfied unless R is determined within a frac- 
tional precision measure equal to ± O.OOOG3. Allowing one-half 
of this to errors of cidibration we have left for the allowable error 
in adjusting the potentiometer 

P/ = 0.00031. 


If a single storage cell is used at Pj, E is approximately two volts, 
and, with ordinary resistance boxes, R should be about one thou- 
sand ohms, for the reason pointed out above. This condition is 
fulfilled by the cited data; and, for our present ]Hirpo.se, it will Ije 
sufficiently exact to take V equal to one volt. Hence, by equa- 
tion (xxiii), the most advantageous magnitude for G is about 
five hundred ohms; and, by equation (xxii), the largest practi- 
cable value for the second factor in S is 

ST = = 0.0224. 


With a mirror galvanometer of the D’Arsonval typo, read by 
telescope and scale, a deflection of one-half a millimeter can be 
easily detected. Consequently, if we oxprcs,s the galvanometer 
constant K in terms of amperes per centimeter dofleclion, wo must 
take 6' equal to 0.05 centimeter; and, in order to fulfill the spccificil 
precision requirements, tire effective sensitiveness must satisfy the 
condition 


5' _ 0.05 

“ P/ 0.00031 


101 . 


Combining this result with the above nraxiinum value of ST we 
find that the intrinsic sensitiveness must be such tliab 


0.0224 

101 


1.4 X 


10-h 


lienee the galvanometer should be so con.structcd and adjusted 
that 

G = 600 ohms, 
and 

T 

K = = 6.2 X 10“® amperes per centimeter deflection. 


can be very easily obtained and arc much less expensive than 
more sensitive instrinnents* They arc so nearly dead-beat and 
free froni the clTects of vibration tliat the adjustment of tlie poten- 
tiometer for balance can be easily and rapidly carried out Avith 
the necessary precision. Hence the use of such an instrument 
reduces the expense of the measurements without increasing the 
errors of observation beyond the specified limit. 



CHAPTER Xlll. 

RESEARCH. 

87. Fundamental Principles. — The word resoiucli, as usccf 
by men of science, signifies a detailed study of some imlural 
phcnoin<’nou for the purpose of cletermii^ing the relation l)(’lwcen 
the variables involved or a comparative study of diflerent phe- 
noiTU’ua for tlie purpose of classifioatiom The mere cxianition of 
measurements, liowevor precise they may be, is not resc'arch. On 
the other hand, the development of suitable methods of measure- 
ment and instruments for any specific ])urpose, the esliinatio!\ of 
unavoidable errors, and the delerminulion of the attainable limit 
of precision frequently demand rigorous and far-r(‘aclung reseai ch. 
As an illustration, it is sunriei<?ni to cite Mielielson’s determination 
of the length of the meter in terms of the wave length of light. A 
repetition of this measurement by exactly (he same method and 
with the same instruments would involve no rcsearcli, l)ut the 
original development of llic melhocl and apparatus was tljo rcsiilt 
of careful researches extending over many years. 

The first and most essential prerequisite for r(,‘soareli in any field 
is an idea. The importance of research, as a factor in tla^ advance- 
ment of science, is directly |)roportional to the fecundity of the 
underlying ideas. 

A detailed discussion of the nature of ideas and of the conditions 
necessary for their occurvenec and development would lead us loo 
far into the field of psychology. They arise more or less vividly 
in the mind in response to various and often apparently trivial 
circumstances. Their inception is sometimes duo to a flash of 
intuition during a period of rei)OSC when the mind i.s free to rc‘S])oncl 
to feeble stimuli from the subconsciou.s. Their (lev(dopment and 
execution generally demand vigorous and sustained mental effort. 
Probably they arise most frcquiaitly in ros])onse to .suggestion or 
as the result of carefub though tentative, observations. 

A largo majority of our ideas liavc been received, in more 
or hjss fully developed form, through tlie spoken or written dis- 
course of their authors or expositors. Such ideas arc the common 

192 



coriGct and atiii)lify them, Ou the otlier hand, original ideas, 
that may serve as a basis for effective research, freciuently arise 
from suggestions received during tlic study of gcMicrally accei)ted 
notions or during tlm progress of other and sometimes quite differ- 
ent investigations. 

Tiic originality and productivemess of our ideas are determined 
by our previous n)eijta] training, by our ba)>its of thought and 
action, and by inherited tendencies. Without these attrilnitcs, 
an idea has very little infhieiice on tlie advamaMnent of science. 
Important researches may l)e, and sometinif*s arc, carried out by 
investigators who did not originate the underlying ideas. Ikit, 
imwever these ideas may liavo originated, they must b(‘ ?o tlior- 
oughly assimilated by tlie investigator that they supply tlie stim- 
ulus a 2 Kl rl riving power necessary to overcome the obstacles that 
inevitably arise during the prosecution of the work. The driving 
power of an idea is dne to tlie numtal state that it ])rocluees in the 
investigator wliereliy he is unable to rest content until the icl(?a 
has been thorouglily tested in all its bearings and definitely proved 
to be true or false, it acts by sustaining an effective concentra- 
tion of the mental and pliysical faculties tlmt quickens liis in- 
genuity, )>roadcns his i^rsight, and increases liis dexterity. 

In order to become effective, an idea must furnish the incentive 
for research, direct th(» dcvt^lopmenl of suitable metliods of pro- 
cedure, and guide the interpretation of results. Hut it must 
never be dogmatically applied to warp the facts of observation 
into ('onforinity with itself. 'Vhc. mind of the investigator must 
b(^ as ready to receive and give due weight to evidence against 
his ideas as to that in their favor. The ultimate trutli regardifig 
pliGiionicna and their relations should bo sought regardless of 
the C()llai)se of generally accepted or proe(>nceiv<id notions. From 
tliis ])oint of view, research is the process by wliicli ideas arc 
tested in rcjgard to their validity. 

88, General Methods of Physical Research. — Researches 
that pertain to tlie ])hysioal sciences may be roughly classified 
ifi two groups: one eornprismg detenninations of the so-ealled 
physical constants such ns the atomic weights of the (dements, the 
velocity of light, tlie constant of gravitation, cte.; the otlicr 
(iontaining investigations of physical relations sucli as tliat which 
connects the muss, volume, pressure, and tem])crature of a gas. 



me rusearciiL'b in niuiuitbu^ij iiu ii ^;«i(jiui 

cxcciutiou of direct or indirect ineasnronzcnts zind ii <[clorzninadon 
of tho preemion of the results olHaincd. The genera! piinci])lcs 
that should be followed in tliis part of the work have been safTi^ 
cicntly discussed in preceding (duipters. Their application to ))nic- 
tical problems must be left to the iizgenuity and insight of the 
investigator. Some men, with large exporiemie, make such appli- 
cations almost intuitively. But most of us must depend on a 
more or less detailed study of the relative capal)ilitios of availablo 
methods to guide us in the prosecution of investigations and in 
the discussion of results. 

In general, physical constants do not maintain exactly the same 
numerical value under all circumstances, Init vary somewhat with 
changes in surrounding conditions or with lapse of time, 'rinis 
the velocity of light is different in dilTcrent media and In disi)orsivo 
media it is a function of the frequency of the vibrations on wiiicli 
it depends. Consequently the determination of such conslanls 
should be accompanied i>y a thorougli study of ail of Uie factors 
that are likely to affect the values oblailKHhand an t:xact specifica- 
tion of the eonditions under whicli tlic mcasuremonts are made. 
Such a study frequently involves oxtonsive investigations of tho 
phenomena on which tlie constants depend and it should Ijo 
carried out by very much the same methods that api)ly to tlic 
dotc^rmination of pliysical relations in general. On tlie oU\er 
Imnd, the exact expression of n. pliysical relation generally invedves 
one or more constants that must be determined by direct or in- 
direct measiiroinents. Hence there is no sharp lino of <livision 
l)ctwctm tho first and second groups specified above, many re- 
searches belonging partly to ono group and partly to tlie otlicr. 

The occurrence of any phenomenon is usually tlio result of the 
coexistence of a number of more or less independent aiile(;edcnts. 
Its complete investigation requires an exact determination of tho 
relative effect of each of the conlributary causes and the develop- 
ment of the general relation by which their interaction is expressed, 
A determination of tlie nature and mode of action of all of tho 
antecedents is the first step in this process, fiinco it is gen- 
erally impossible to derivo useful information by observing the 
combined action of a number of diffenmt causal factors, it becomes 
necessary to devise means by which the effects of the several 
factors can be controlled in such manner that they can be studied 


largely on the effectiveness of such means of control and the 
accuracy with which departures from specified conditions can be 
determined. 

Suppose that an idea has ocicurred to us that a certain phenome- 
non is due to the interaction of a number of different factors that 
we will represent by A, iJ, C, . . . , P. Tliis idea may involve 
a inorc or less definite notion regarding the relative effects of the 
s(weral fa(jtors or it may comprehend only a notion that thoy arc 
connected by some functional relation. In eitliev ease \Ye wish 
to submit our idea to the tost of cfireful research and to determine 
the exact form of the functional relation if it exists. 

The inve.stigation is initiated by making a seiic.s of preliminary 
obs(n‘vations of the phenomenon corresponding to as many vari- 
ations in the values of tlie several factors as can be easily effecited. 
The nature of such observations and the precision with which tliey 
should be made depend so much on the character of tlie probiom 
ill hand that it would he impossible to give a useful general dis- 
cussion of suitable methods of procedure. Sometimes roughly 
quantitative, or even qualitative, observations an^ sufficient. In 
otlu‘r cases a considerable degree of })reeisian is necc.ssary bijfore 
definite information can be obtained. In all cases the observa- 
tions should be sufficiently extensive and exact to reveal the gen- 
eral nature and approximate relative magnitudes of the effects 
produc(‘d by each of the factors. They sliould also serve to detect 
the pi‘o.sencc of factors not initially contemplated. 

With the aid of the information derived from preliminary obser- 
vations and from a study of such theoretical (jonsiderations as 
they may suggest, means are devised for exactly controlling the 
magnitutlc of each of the factors. Methods are then developed 
for the prcci.se measurement of those magnitudes under the con- 
ditions imposed by the adopted means of control. This process 
often involves a preliminary trial of several dift'ereiit methods 
for the purpose of determining their relative availability and pre- 
cision. 'Hio m(ithods that arc found to be most exact and con- 
venient usually require some modification to adapt them to tlie 
requirements of a particular problem. Sometimes it becomes 
necessary to devise and test entirely new methods. During this 
part of the investigation the rliscussions of the precision of meas- 
urements given ill the preceding chapters find constant applica- 
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tion and it is largely tl 
proposed methods is dete 
After definite methods 
have been adopted and i 
cision, the final measurem 
are carried out under the 
advantageous. Usually 1 
caused to vary through s 
will permit while the otl 
definite observed values, 
variation is arrested and 
measured while they ar^ 
extended series of such ob 
an empirical determinatio 


purpose frequent observatio: 
are supposed to remain con; 
two principal variables. If 
very small all of the relations 
ments will be more or less 
approximations. Usually si 
true relations established w 
successive approximations, 
result increases very rapidly 
control and it is always won 
to make them adequate. 

When the functions invol 
equivalents in terms of oth< 
determined with sufficient 
bined into a single relation, 
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one of them constitiit 
goes. The establishii) 
hends all of the otiiers j 
cance are generally tlu 
modification to whicli 
89 . Graphical Meth 
measurements have be 
constant errors, the foj 
(i) and (ii), or other ec 
value of the constant 
easily and effectiv(‘ly I 
almost universally ado] 
vations and the cU'tt^rn 
stants. In some (;as(‘s 
results of the measure 


As the first step in th( 
observations on x and y ar 
accurately squared paper, 
spending coordinates are i 
needle. The visibility of 
drawing a small circle or < 
the indicated point. The 
that the form of the curv 
easily recognized by eye. 
tion, it is frequently necesj 
nates and abscissae. Usua 
scales that the total variai 
approximately equal space 
numerically equal to aboo 
ation of Xj the y’s should 1 
times as large as that adop' 
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constants A and B, tl 
position that the ploti 
opposite directions, i.e 
be made as nearly as 
deviations. If this h 
constant B may be d' 
intercept OP in tern: 

y 


0.10 


measurement. The accura 
be greatest when the verti( 
that the line makes an an^ 
with the z axis. Space ma 
ance of the plot improved 
nearly equal to 5, from eac 
Many physical relations 
of them are strictly linear i 
sidered. Consequently th( 
nearly on some regular cu 
cases the form of the fun( 
gested by theoretical cons 
determined by the method 
mations. For this purpos 
tions is compared with a 
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where M is the modulus ( 

this case the plot gives t 

the constants A and B car 
points do not lie nearer to 
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R 


due to the plot are less than 
be useless to adopt a more 
the means of control are S( 
constant errors left in the i 
of plotting it is probably w 
the method of least squares 
y 
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and lie very near to a ci 
urements of this type ( 
power series in the fori 

y = 

the number of terms ai 
the magnitude and sigj 

y 


Art. 90] 


R 


of magnitude. For the sak 


and 


y~ y' = s; 
A — A'= xi, 


X _ 

Ml (B 


The quantities s, 6 , c, etc., i 
with the aid of the assumed 
X2j X3, etc., are the unkno^ 
least squares. After the ab 
the simple form 

Xi + hX2 

which is identical with thj 
article forty-nine. As mam 
as there are pairs of corres; 
Thft normal ea nations 
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ing observations on the 
tions (viii) and (ix), tal 
l' = 1000; B' 


The computations car: 
follows: 

Xi = 0.245; 

Hence, by equations (ij 
A = 1000.245; 
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Rj 

where A, BjC, etc., represen 
Zj etc., represent correspond 
Sometimes the form of tf 
considerations, but more fr 
gether with the numerical v^ 
of successive approximation! 
suggested by the graphical 
by analogy with similar ph( 
first approximation. Then, 
corresponding observations ( 
pendent equations as there ; 
are established. The simu 
gives first approximations t< 
etc. Sometimes the solutio] 
of the ordinary algebraic m 
■nlisViAH with <=111 tfini Pint a, ecu 
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(156) with the aid of i 
the resulting equatio: 
equations (53), the 
solved by the methc 
of 5i, ^ 2 , ^ 3 , etc., the 
second approximatioi 
etc. 

The accuracy of tli 
assumed form of the f 
tions 5i, 52, 53, etc. 
ditions underlying ec 
obtained by the abovi 
values of the consta] 
more accurate than^t 
A", B", C", etc., I 
corresponding residu: 

QnhQfif.nf.incr 


of sequence of the residuals o: 
ing to equation ( 158 ) with 
form of the function F has 1 
otherwise, the computations 
and the new form must be te 
cessor. This process should 
responding to the second a] 
the form of the function on ^ 
When the residuals, compi 
that the assumed form of tl 
large in comparison with the 
the second approximations 
cases new equations in the fc 
C", etc., in place of A', 
solution of the equations t] 
squares, gives the corrections 
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Until an investigation h 
some definite addition ■ 
physical constant with i 
to retard rather than s 
other hand; free discust 
an effective molder of i< 
The form of a publis 
the substance. The si| 
be entirely masked by 
the investigator should 
that will present his i 
them in logical sequenc 
that the value of a sci< 
importance of the und( 
The author’s point o 
thp. ideas that have 


considered briefly and the m 
be stated. 

Observations and the re 
reported in such form that 1 
and their precision easily as( 
methods of representation 
points determined by the 
and marked. The reproduc 
is thus avoided without de 
of the report. When such 
cision of the observations or 
of the nature of the problen 
reproduced with sufficient fi 
drawn from them. In sue] 
vations and derived results 
brought out by a suitable 



The following tables c 
will be found useful to 
developed in the preced 
tables are amply sufficiei 
extensive tables should I 
magnitudes whenever tt 
the use of more than fou 
The references placed 
texts from which they w 


1 centimeter (cm.) 

It 

it 

1 meter (m.) 

it 


1 kilometer (km.) 


1 inch (in.) 
1 foot (ft.) 


1 yard (yd.) 
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Table II. 


Table III. — ' 




216 


THE THl. 


Table IIL — Ti 


COS 2 a 

1! 


= cos^ a — 

COS" a 

= 1 — sin*' 

cos (a 

± /») = w. 

cos a 

-1~ (^OS ^ = 

cos« 

- cos =■ - 

COS” a 

-f COS” ii = 

COS” a 

~ COS” ^ 

cos^ a 

— sin*’ ^ - 

sin a + cos a 

sin a ■ 

— (H)S a : ' 



Table III. — Trigon 
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Tabi 

Binomial Theorem. 

(x + y)^ = H 


when ni is a positive into 
X > y. When x < y aiu 
taken in the form 

(a; + 2/^ = 2/”^“ 


Fourier’s Series. 

/ (a;) = ^ bo -f h C( 


4 - «! 


Table 
C7, y, W any f 


;(aC/ + 67 + cTy) =a- 


^UV=V^+U~; 

dx dx dx ^ 


±uvw = vw~ + m 

OX dx 


-x^ = nx^-^'y 


Av; 1 

^Va; = — 
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The following algebr 
second, third, nnd foui 
(Merriman and Wood’ 
1896 .) 

Reduce to the form 
Then the two roots a 

xi = — a 


Reduce to the form 

Compute the folio win 
B= - + b; 

= (—(7 4 ””^ 

Then the three roots 

= — I 


Table VII.- 


In the following formulse, a, 
their squares, higher powers, ai 
unity. The limit of negligibi 
hand. Most of the formulae 
when the variables are equal t 

1. (l-|-a)^=l+na:; (1 • 

2. (H-q:) 2 = l+2a; (1 

3. vr+^ = l + ja; Vj 


5 - 


(1 
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Table "V 

Base of Naperian logarith: 
Modulus of Naperian log. 

Modulus of common log.: 

Ic 

Circumference 


Diameter 



Table IX.—] 


X 

login (e*) 

e * 1 

... 


0.0 

0.00000 

1.0000 

l.OOi 

0.1 

i 0.04343 

1.1052 

0.90 

0.2 

1 0.08686 

1.2214 

0.81 

0.3 

i 0.13029 

1.3499 

0.741 

0.4 

i 0.17372 

i 1.4918 

0.671 

0.5 

' 0.21715 

1.6487 

0.601 

0.6 

0.26058 

1.8221 

0 . 54 i 

0.7 

0.30401 

2.0138 

0.491 

0.8 

0.34744 

2.2255 

0 . 44 ! 

0.9 

0.39087 

2.4596 

0.401 

1.0 

0.43429 

2.7183 

0 . 36 ' 

1.1 

0.47772 

3.0042 

0 . 33 : 

1.2 

0.52115 

3.3201 

0.30 

1.3 

0.56458 

3.6693 

0 . 27 : 

1.4 

0.60801 

4.0552 

0 . 24 ( 

1.5 

0.65144 

4.4817 

0 . 22 ; 

1.6 

0.69487 

4.9530 

0.20 

1.7 

0.73830 

5.4739 

0 . 18 : 

1.8 

0.78173 

6.0496 

0.16 
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Table 5 
Value of ( 


X 


0.1 

1.0101 

0.2 

1.0408 

0.3 

1.0942 

0.4 

1.1735 

0.5 

1.2 S 40 

0.6 

1.4333 

0.7 

1.5323 

0.8 

1.8965 

0.9 

2.2479 

1.0 

2.7183 

1.1 

3.3535 

1,2 

4.2207 

1.3 

5.4195 

1.4 

7.0993 

1.5 

9.4877 

1.6 

1.2936 X 10 


Table XI. —Values 


i Pa Dift. t Pa 

0.00 0.00000 1,90 0.50 0.52050 
0.010.01128 0.61 0.52924 

0.02 0,02256 90 0.520.63790 
0.03 0.03384 0.530.54646 

0.04 0.04511 0.54 0,55494 

0.050.05637 0.550.56332 

0.06 0.06762 ,,,“ 0.560,57162 
0 . 07 0 . 07886 , , ,, 0 . 57 0 . 57982 
0 , 08 0 . 09008 , , ,^ 0 . .58 0 . 58792 
0.09 0.10128 t,,o 0.59 0,59594 
0,10 0.11246 0.60 0.60386 
0. 110. 12,362 0,610.61168 

0.12 0.13476,,,, 0.62 0.61941 

0.13 0.14587 , 0.63 0. 62705 
0.140. 15695 } , or 0 . 64 0 . 63459 
0.150. 16800 1,01 0 . 65 0 . 64203 

0.16 0.17901 1 rvao o’ 66 0.64938 
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Table XII. — V 
P 


s 

0 

1 

2 

0.0 

.00000 

.00538 

. 0107 ( 

0.1 

.05378 

.05914 

.06451 

0.2 

.10731 

.11264 

.11791 

0.3 

.16035 

.16562 

. 1708 ^ 

0.4 

.21268 

.21787 

. 2230 ^ 

0.5 

.26407 

.26915 

.27421 

0.6 

.31430 

.31925 

,32411 

0.7 

.36317 

.36798 

. 3727 '] 

0.8 

.41052 

.41517 

.41971 

0.9 

.45618 

.46064 

.46501 

1.0 

.50000 

.50428 

. 5085 ; 

1.1 

.54188 

.54595 

. 5500 : 

1.2 

.58171 

.58558 

. 5894 : 

1 3 

.61942 

.62308 

.6267 

1.4 

.65498 

.65841 

. 6618 ; 

1 ^ 


69155 

.6947 


I 


Table XIV. — Fob Computii 
(31 


N 

0.6745 

0.6745 


^ N { N -1 

2 

0.6745 

0.4769 

3 

0.4769 

0.2754 

4 

0.3894 

0.1947 

5 

0.3372 

0.1508 

6 

0.3016 

0.1231 

7 

0.2754 

0.1041 

8 

0.2549 

0.0901 

9 

0.2385 

0.0795 

10 

0.2248 

0.0711 

11 

0.2133 

0.0643 

12 

0.2029 

0.0587 
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Table XVI. ~ 


0 


1 


1.0 

1.1 

1.2 

1.3 

1.4 


2.5 

2.6 


1.000 

1.210 

1.440 

1.6901 

1.960 


1.020 

1.232 

1.464 

1.716 

1.988 


1.0401 

1.254 

1.488 

1.742 

2.0161 


1.5 

1.6 

1.7 

1.8 
1.9 


2.280 
2.592 
2.924 
'3. 240’3. 276 3.3121 
3.610|3.648 3.686 


2.250 

2.560 

2.890 


2.310 

2.624| 

2.958 


2.0 

2.1 

2.2 

2.3 

2.4 


4.0001 

4.4101 

4.840 

5.290 

5.760 


6.250 

6.760 


4.040 

4.452 

4.884 

5.336 

5.808 


6.300 

6.812 
n O A A 


4.080 

4.494 

4.928 

5.382 

5.856 


6.350 

6.864 


3 


1.061 

1.277 

1.513 

1.769 

2.045 

2.341 

2.657 

2.993 

3.349 

3.725 

4.121 

4.537 

4.973 

5.429 

5.905 

6.401 

6.917 
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Table XVI. 


n 

0 

1 


5.5 

30.25 

30.36 

30 

5.6 

31.36 

31.47 

31 

5.7 

32.49 

32.60 

32 

5.8 

33.64 

33.76 

33. 

5.9 

34.81 

34.93 

35. 

6.0 

36.00 

36.12 

36. 

6.1 

37.21 

37.33 

37. 

6.2 

38.44 

38.56 

38. 

6.3 

39.69 

39.82 

39. 

6.4 

40.96 

41.09 

41. 

6.5 

42.25 

42.38 

42. 

6.6 

43.56 

43.69 

43. 

6.7 

44.89 

45.02 

45. 

6.8 

46.24 

46.38 

46. 

6.9 

47.61 

47.75 

47. 

7.0 

i-r t 

49.00 

IT A A 1 

49.14 

r A r r 

49. 



Table XVIL- 



0 

1 

2 


100 

0000 

0004 

0009 

0( 

101 

0043 

0048 

0052 

0( 

102 

0086 

0090 

0095 

0( 

103 

0128 

0133 

0137 

0] 

104 

0170 

0175 

0179 

0] 

105 

0212 

0216 

0220 

Oi 

106 

0253 

0257 

0261 

Oi 

107 

0294 

0298 

0302 

o: 

108 

0334 

0338 

0342 

o; 

109 

0374 

0378 

0382 

o; 

no 

0414 

0418 

0422 

0- 

111 

0453 

0457 

0461 

0^ 

112 

0492 

0496 

0500 

Oi 

113 

0531 

0535 

0538 

0, 

114 

0569 

0573 

0577 

0, 

115 

0607 

0611 

0615 

0i 
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10 

0 (X >0 

11 

12 

13 

0414 

0792 

1139 

14 

15 

1 16 

1461 

1761 

2041 



D 

2 

3 

0043 

0086 

0128 

0453 

0828 

XI 73 

0492 
0864 
1 206 

0531 

0899 

1239 

1492 

1790 

2068 

1523 

1818 

2095 

1553 

1847 

2122 

2330 

2577 

2S10 

2355 

2601 

2833 

2380 

2625 

2856 

) 3032 

3054 

3075 

s 3243 

I- 3444 

1 3636 

3263 

3464 

3655 

3284 

3483 

3674 
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Table XVIII.— 



0 

1 

2 

3 

4 

6 

55 

7404 

7412 

7419 

7427 

7435 

7443 

53 

57 

58 

7482 

7559 

7634 

7490 

7566 

7642 

7497 

7574 

7649 

7505 

7582 

7657 

7513 

7589 

7664 

7520 

7597 

7672 

59 

60 
61 

7709 

7782 

7853 

7716 

7789 

7860 

7723 

7796 

7868 

7731 

7803 

7875 

7738 

7810 

7882 

7745 

7818 

7889 

62 

63 

64 

7924 

7993 

8062 

7931 

8000 

8069 

7938 

8007 

8075 

7945 

8014 

8082 

7952 

802 1 
8089 

7959 

8028 

8096 

65 

8129 

8136 

8142 

8149 

8156 

8162 


8195 

8261 

8325 

8202 

8267 

8331 

8209 

8274 

8338 

8215 

8280 

8344 

8222 

8287 

8351 

8228 

8293 

8357 


8388 

8451 

8395 

8457 

8401 

8463 

8407 

8470 

8414 

8476 

8420 

8482 
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Table XIX.— N. 



O' 

6 ' 

12 ' 

18 ' 

45 ° 

7071 

7083 

7096 

00 

0 

46 

7193 

7206 

7218 

7230 

47 

7314 

7325 

7337 

7349 

48 

7431 

7443 

7455 

7466 

49 

7547 

755S 

7570 

7581 

50 

7660 

7072 

7683 

7694 

51 

7771 

7782 

7793 

7804 

52 

7SS0 

7891 

7902 

7912 

63 

79S6 

7997 

8007 

8oi8 

54 

8090 

8100 

8111 

8121 

“si” 

8f92 

S202 

8211 

S221 

"si" 

8290 

8300 

8310 

8320 

57 

8387 

8396 

8406 

8415 

58 

84S0 

8490 

8499 

S508 

~ 59 “ 

8572 

slsT 

8590 

8599 

60 

8660 

8669 

8678 

8686 

61 

8746 

8755 

8763 

8771 
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* Tab 



O' 

6' 

12' 

18 ' 

0° 

IHBBI 

1*000 

1*000 

rooo 



nearly. 

nearly. 

nearly. 

1 

9998 

9998 

9998 

9997 

2 

9994 

9993 

9993 

9992 

3 

9986 

9985 

9984 

9983 

4 

9976 

9974 

9973 

9972 

5 

9962 

9960 

9959 

9957 

6 

9945 

9943 

9942 

9940 

7 

9925 

9923 

9921 

9919 

8 

9903 

9900 

9898 

9895 

9 

9877 

9874 

9871 

9869 

10 

00 

9845 

9842 

9839 

11 

00 

9813 

9810 

9806 

12 

9781 

9778 

9774 

9770 

13 

9744 

9740 

9736 

9732 

m 

9703 

9699 

9694 

9690 


9659 

9655 

9650 

9646 


Tj 



Table XX. — Nati 



O' 

6' 

12' 

18 ' 

24 ' 


45 ° 

7071 

7059 

7046 

7034 

7022 

70 

46 

6947 

6934 

6921 

6909 

6896 


47 

6820 

6807 

6794 

6782 

6769 

67 

48 

6691 

6678 

6665 

6652 

6639 

66 

49 


6547 

6534 

6521 

6508 

64 

50 

6428 

6414 

6401 

6388 

6374 

63 

51 

6293 

6280 

6266 

6252 

6239 

62 

52 

6157 

6143 

6129 

6115 

6101 

60 

53 

6oi8 

6004 

5990 

5976 

5962 

59 ' 

54 

5878 

5864 

5850 

5835 

5821 

58. 

55 

5736 

5721 

5707 

5693 

5678 

■j|« 

56 

5592 

5577 

5563 

5548 

5534 


57 

5446 

5432 

5417 

5402 

5388 

53 

58 

5299 

5284 

5270 

5255 

5240 

52 

59 

5150 

5135 

5120 

5105 

n 

50 

60 

5cx)0 

4985 

4970 

4955 

4939 

49 

61 

4848 

4833 

4818 

4802 

4787 

47 
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0' 

& 

12' 

18 ' 

*0000 

0017 

0035 

0052 

•0175 

0192 

0209 

0227 

■0349 

0367 

0384 

0402 

■0524 

0542 

0559 

0577 

•0699 

0717 

0734 

0752 

•0875 

0892 

0910 

0928 

•1051 

1069 

1086 

1104 

•1228 

1246 

1263 

1281 

•1405 

1423 

1441 

1459 

•1584 

1602 

1620 

1638 

•1763 

1781 

1799 

1817 

•1944 

1962 

1980 

1998 

•2126 

2144 

2162 

2180 

•2309 

2327 

2345 

2364 

•2493 

2512 

2530 

2549 

■2679 

2698 

2717 

2736 





TAl 

Table XXI. — Natura 



O' 

6' 

12' 

18 ' 

24 ' 

45 ° 

I-(DOOO 

8 

U) 

Ln 

8 

0 

0105 

0141 

46 

1*0355 

0392 

0428 

0464 

0501 

47 

1-0724 

0761 

0799 

0837 

0875 

48 

i*iio6 

1145 

1184 

1224 

1263 

49 

1-1504 

1544 

1585 

1626 

1667 

50 

i*X9i8 

i960 

2002 

2045 

2088 

51 

1-2349 

2393 

2437 

2482 

2527 

52 

1-2799 

CO 

<M 

2892 

2938 

2985 

53 

1-3270 

3319 

3367 

3416 

3465 

54 

1*3764 

3«14 

3^65 

3916 

3968 

55 

1-4281 

4335 

4388 

4442 

4496 

56 

1-4826 

4882 

4938 

4994 

5051 

57 

1*5399 


S517 

5577 

5637 

58 

1*6003 

6066 

6128 

6191 

6255 

59 

1-6643 

6709 

6775 

6842 

6909 

60 

1-7321 

7391 

7461 

7532 

7603 

61 

1-8040 

8115 

8190 

8265 

8341 
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* Table X2 



& 

12 ' 

18 ' 1 

573-0 

286-5 

191*0 I 

52-08 

27*27 

18-46 

47-74 

26-03 

17-89 

44*074 
24*90 2 

17-341 

13-95 

11-20 

3572 

13*62 

10-99 

2052 

13-30 I 
10-78 I 

0579 

0285 

0264 

2432 

9158 

9395 

1742 

8062 
8548 
1066 ' 

6140 

5578 

5026 , 

0970 

6646 

2972 

0504 

6252 

2635 

0045 ' 
5864 

2303 

9812 

7062 

4646 

9520 
6806 
I 4420 

' 9232 

' 6554 

» 4197 


14 

15 

16 


TAB 


Table XXII. — Natural 


n 

O' 

0' 

12 

18 ' 

24 ' 

30 ' 

c?i 

o 

ro 

0*9965 

0-9930 

0*9896 

0*9861 

0*9827 

46 

■9657 

9623 

9590 

95.S6 

9523 

9490 

47 

•9325 

9293 

9260 

9228 

919s 

9163 

48 

•9004 

S972 

8941 

89110 

8878 

8847 

49 

•S693 

8662 

8632 

8601 

8571 

8541 

80 

•8391 

8361 

8332 

8302 

8273 

8243 

61 

•S098 

8069 

8040 

8oI2 

7983 

7954 

62 

•7813 

7785 

7757 

7729 

7701 

7673 

63 

•7536 

7508 

7481 

7454 

7427 

7400 

64 

•7265 

7239 

7212 

7186 

7159 

7133 

68 

7002 

6976 

695^ 

6924 

6899 

6873 

66 

•6745 

6720 

6694 

6669 

6644 

6619 

67 

•6494 

6469 

6445 

6420 

6395 

6371 

68 

•6249 

6224 

6200 

6176 

6152 

6128 

69 

’6009 

598s 

5961 

5938 

5914 

5890 

60 

•5774 

5750 

5727 

5704 

5681 

5658 

61 

•5543 

5520 

5498 

5475 

5452 

5430 
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Table XXII 



0' 

6' 

12' 

18' 

24' 

0 ° 

0.0000 

0017 

0035 

0052 

007 

1 

0.0175 

0192 

0209 

0227 

024 

2 

0.0349 

0367 

0384 

0401 

041 

3 

0.0524 

0541 

0559 

0576 

059 

4 

0 . 069 S 

0716 

0733 

0750 

076 

5 

0.0873 

0890 

0908 

0925 

094 

6 

0.1047 

1065 

1082 

1100 

111 

7 

0.1222 

1239 

1257 

1274 

129 

8 

0.1396 

1414 

1431 

1449 

146 

9 

0.1571 

1588 

1606 

1623 

164 

10 

0.1745 

1763 

1780 

1798 

181 

11 

0.1920 

1937 

1955 

1972 

199 

12 

0.2094 

2112 

2120 

2147 

216 

13 

0.2269 

2286 

2304 

2321 

233 

14 

0.2443 

2461 

2478 

2496 

251 

15 

0.2618 

2635 

2653 

2670 

268 

16 

0.2793 

rv c\r\/y>^ 

2810 

nAoer 

2827 

OAAO 

2845 

o 

286 
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Table XXIIL — Radl 



0' 

6' 

12' 

18' 

24' 

30' 

45° 

0. 785-1 

7871 

7 

889 

7906 

7924 

7941 

40 

0.S02i) 

8010 

8003 

8081 

8098 

Sill 

47 

0.8203 

8221 

8238 

8255 

8273 

829( 

48 

0.8378 

8395 

8412 

8430 

8447 

846. 

49 

0.8552 

8570 

,8587 

8604 

8622 

863< 

50 

0.8727 

8741 -8702 

8779 

8796 

881 

51 

0.8901 

8010 8030 

8954 

8971 

898 

52 

0.907G 

9093 9111 

9128 

9146 

916 

53 

0.9250 

92{)S!9285 

9303 

9320 

933 

54 

0.9425 

04-12; 0-400 

9477 

9495 

951 

55 

0.9599 

9017 

0034 

:9G52 

; 96G9 

' 9G8 

5C) 

•0.9774 

9791 

osor 

» 982C 

; 984^^ 

: 9SC 

57 

0.991<S 

99 GC) 

9981 

;ooo] 

.001^ 

5 002 

58 

1.0123!0140 

015^ 


>019;- 

5 021 

59 

1.0297 

()315 

0331 

2 035( 

) 036': 

^03^ 

GO 

1.047‘ 

!|0489 

|0507p52^ 

1 0541 

^05^ 
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A. 

Absolute measurements, 5. 

Accidental errors, axioms of, 29. ^ 
errors, criteria of, 121. 
errors, defmitiori of, 26 
errors, law of, 29, 35. 

Adjusted effects, 149. 

Adjustment of the angles about a 
point, tSl. 

of the angles of a plane triangle, 93. 
of instruments, 15, 183. 
of measurements, 21, 42, 63, 72. 
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unit, 31. 
weigh U h I, ()7. 

Errors, aiuhclentul, 21). 
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coiistaiil , 23. 
dehiiition of, IS. 
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tit,v, m. 
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of the prcnltK’l of a 
factors, lt)2. 
percentage*, HH. 
personal, 25. 
propagaticui of, ilf). 
systematic, IIH. 
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bable errors of adjusted meas- 
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